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.3) 4)"1%.%01 02 .3) VWW :01:)8. 40)- 10. %=8,7 .3/. VWW- /() )50,'.%01/(%,7 -./<,)I* $0( .30-)
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evolutionarily stable
global ESS

+ +

-

-
resident trait value

m
ut

an
t t

ra
it 

va
lu

e

evolutionarily unstable
global ESS

branching pointlocal ESS

#$%&'( )* +,$'-$.( $/0,.$1$2$34 5263.7 .$%/8 ,. $/9$:,3(9 $/ 3;( &55(' 2(<3 5,/(28 6< 3;( !3/(.. 6< 563(/3$,2 =&3,/3. ,. ,
<&/:3$6/ 6< 3;( =&3,/3 ,/9 3;( '(.$9(/3 3',$3.* >;( <6&' 5,/(2. .;6- .6=( ,23('/,3$0( 56..$12( :6/!%&',3$6/.8 $/9$:,3$0(
6< :6''(.56/9$/%24 9$<<('(/3 (062&3$6/,'4 5;(/6=(/,* >;( &55(' '$%;3 5,/(2 (?52,$/. 6&' &.( 6< .3(,94 $/.3(,9 6< 3;( .3$22
=6'( :6==6/ .3,12( ,. $/3('5'(3,3$6/ <6' 3;( =$992( .4=162 $/ (062&3$6/,'$24 .3(,94 .3',3(%4 @ABBC*

5,'3$:&2,' &.(.8 6<3(/ ,22 6/( /((9. $. , D&,/3$34 3;,3 $. .$%/ (D&$0,2(/3 36 !3/(..7 .$%/@5'6?4C =
.$%/(ρ)*

>;( =,$/ 345( 6< (:626%$:,2 .:(/,'$6 -;('( , %669 9(,2 6< 1$626%$:,2 9(3,$2 :,/ 1( $/:6'56',3(9

,/9 4(3 , %669 !3/(.. 5'6?4 $. ,0,$2,12( $. -;('( 3;( :6==&/$34 .3,3( :6/0('%(. 36 ,/ (D&$2$1'$&=

56$/38 %$0$/% '$.( 36 , :6''(.56/9$/%24 /6/E"&:3&,3$/% (/0$'6/=(/3* F/ 3;,3 :,.(8 3;( ,55'65'$,3(8

<6' (,.$24 $/3('5'(3,12( ,/9 $< ,22 $/9$0$9&,2. ,'( 16'/ (D&,2 (,.$24 :,2:&2,12(8 !3/(.. 5'6?4 $.

2/@RGC8 3;( 26%,'$3;= 6< 3;( ,0(',%( 2$<(3$=( 6<<.5'$/% /&=1('8 6' 1,.$: '(5'69&:3$6/ ',3$68 RG*

01/234123& &1-5 6(6%/7 8% 92)5-*%/ 2):; )2)<!39&3(&-)4 /%5-*%)& %)=-/2).%)&5" # 5%92)*

(553.6&-2) -5 &1(& &1% *%.24/(61-9 6(/(.%&%/57 ()* 1%)9% RG ()* ρ (/% 5.22&1 -) &1% &/(-&5

@:<* H!"IC*

F/ %(/(',28 $/9$0$9&,2. :,/ 1( 16'/ $/ =6'( 3;,/ 6/( 56..$12( .3,3(8 ,. $.8 <6' (?,=52(8 3;(

:,.( $/ .5,3$,224 9$.3'$1&3(9 565&2,3$6/. -;$:; ;,0( 36 1( 9(,23 -$3; 14 3,J$/% .5,3$,2 26:,3$6/ 6/

16,'9 ,. , :6=56/(/3 6< 3;( h@%&%/24%)%-&;C<5&(&% 6< $/9$0$9&,2.8 -;$:; 3;(/ :6/.$.3. 6< , 26:,3$6/

,/9 , 5;4.$626%$:,2 .3,3(8 52&. 56..$124 , =,'J(' 6< .6:$,2 .3,3&.8 (3:* K&( 36 6&' ,..&=53$6/ 6<

(/0$'6/=(/3,2 :6/.3,/:48 3;( 5;4.$626%$:,2 .3,3( :,/ 1( '(52,:(9 14 , 5'6?4 .3,3( :6/.$.3$/% 6<

,%( 36%(3;(' -$3; 3;( .3,3( 6< 1$'3;* F/3(%',3$/% 6&3 60(' ,%( %$0(. 3;( /(?3E%(/(',3$6/ 65(',36' !*

RG :6''(.56/9. 36 3;( 96=$/,/3 ($%(/0,2&( 6< 3;$. 65(',36'* L. .5(22$/% 6&3 3;( %(/(',2 ,'%&=(/3

$/ =,3;(=,3$:,2 ,. 6556.(9 3;( ;(&'$.3$: 3('=. '(D&$'(. 3;( $/3'69&:3$6/ 6< 3(:;/$:,2 =,3;(=,3$:.

3;,3 $. /63 %('=,/( 36 3;( =(..,%( 6< 3;$. 5,5('8 -( 6/24 %$0( 3-6 (?,=52(. .;6-$/% 3;( (..(/3$,2.

$/ 3;( .$=52(.3 56..$12( :,.(* >;( =,3;(=,3$:,2 9(3,$2. 6< 3;( 9(!/$3$6/ ,/9 :,2:&2,3$6/ 6< RG $/

3;( %(/(',2 :,.( =,4 1( <6&/9 $/ H!G8!)I8 -$3; 3;( 2,3(.3 %(/(',2$M,3$6/ $/ HN"I*

>?(.6:% #$/$3( hE.3,3( .5,:(. ,/9 :26/,2 '(5'69&:3$6/*

>;( %'6-3; 6< , 565&2,3$6/ 6< !/$3( .3,3( $/9$0$9&,2. $/ :6/3$/&6&. 3$=( $. %$0(/ 14
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$%&'&N () *%& +&,*-' -. )/0*(01 2&3)(*(&) -. (32(+(2401) (3 2(..&'&3* )*0*&)5 673 -4' /'&)&3* ,-3*&8*9

N '&.&') *- *%& :4*03*)5 ;- <&&/ *%& 3-*0*(-301 =4'2&3 1-$9 $& )4//'&)) 2&/&32&3,&) -3 *%& *'0(*

+&,*-' -. *%&:4*03*) 032 '&)(2&3* &3+('-3:&3*5> ;%&:0*'(,&)! 032" 0'& =4(1* 4/ .'-: /&' ,0/(*0

'0*&)5 ;%& -..?2(0@-301 ,-:/-3&3*) -. " &A401 *%& *'03)(*(-3 '0*&) =&*$&&3 *%& ,-''&)/-32(3@

%?)*0*&)9 *%& 2(0@-301 ,-:/-3&3*) &A401 :(34) *%& -+&'011 '0*&) -. )*0*& *'03)(*(-3) .'-: *%& %?

)*0*&) :(34) *%& %?)*0*&?2&/&32&3* 2&0*% '0*&)5 ;%& ,-:/-3&3*) -. ! &A401 *%& 0+&'0@& /&' ,0/(*0

=('*% '0*&) (3 2&/&32&3,& -3 *%& %?)*0*& -. *%& /0'&3* )/1(* 0,,-'2(3@ *- *%& %?)*0*& -. *%& -..)/'(3@5

;%& (3+0)(-3 !*3&)) ρ ,-''&)/-32) *- *%& '(@%*:-)* &(@&3+014& -. !+"5
B'@4(3@ -3 0 @&3&'0*(-3 =0)() .'-: =('*%) *- =('*%) () /-))(=1& -31C .-' ,-3)*03* &3+('-3:&3*)5

;%& '&0)-3 .-' ,%--)(3@ *%& =('*%) 0) '&.&'&3,& /-(3*) () *%0* 4)4011C *%& )&* -. =('*% )*0*&) ()

,-3)(2&'0=1C ):011&' *%03 *%& .411 ,-:/1&:&3* -. )*0*&) 3&,&))0'C *- 2&),'(=& %-$ 03 (32(+(2401

/0))&) *%'-4@% (*) 1(.&5 ;%& !')* ,-:/-3&3*) -. N $(11 '&.&' *- *%& =('*% )*0*&)5 ;- )*&/ =0,< 032

.-'*% =&*$&&3 0 /-/410*(-3 )*0*& 032 0 =('*% '0*&?=0)&2 .-':01():9 $& 3&&2 0 :0*'(8 # (3D&,*(3@

*%& +&,*-' -. =('*% '0*&) (3*- *%& )/0,& -. ,%03@&) (3 2&3)(*(&) -. 011 (32(+(2401)9 C-43@ 032 -12

01(<&E

#
; =





! F · · · F F · · · · · · F

F
. . .

. . .
...

...
...

...
. . .

. . . F
...

...

F · · · F ! F · · · · · · F




.

B) ,03 =& )&&3 .'-: *%() .-':4109#; /'-D&,*) *%& )/0,& -. /-/410*(-3 '0*&) -3*- *%& )/0,& -. =('*%

'0*&)5

;%& G(&<:033HIC11&3=&'@HJ&*K =('*%?'0*&?=0)&2 0//'-0,% *- )*'4,*4'&2 /-/410*(-3) () *- /4*

(32(+(2401) ,&3*'& )*0@&5 73 *%& /'&)&3* ,0)&9 *%& )*0*& -. 03 (32(+(2401 :-+&) 0,,-'2(3@ *- 0

J0'<-+ ,%0(3 $(*% <(11(3@9 032 *%& /'-=0=(1(*C *%0* (32(+(2401) =-'3 (3 ,&'*0(3 =('*% )*0*&) 0* 0@& a

0'& 01(+& 032 '&)(2& (3 ,&'*0(3 )*0*&) () @(+&3 =C *%& :0*'(8 &a"#5 L&3,&9 *%& 0+&'0@& =('*% '0*& 0*

0@& a )/1(* -4* 0,,-'2(3@ *- *%& =('*% )*0*& -. *%& /0'&3* 032 *%0* -. *%& <(2) ()!(a) = #
;
!&a"#5

;%() &8/'&))(-3 )%-$) *%0* @(+&3 *%& :&,%03(): 0) &:=-2(&2 (3 *%& :0*'(,&) !9 " 032 #9 (* ()

/-))(=1& *- ,01,410*& *%& 0+&'0@& =('*% '0*& -. 03 (32(+(2401 .'-: (*) =('*% )*0*&) 032 a5 L&3,&9

0@& 032 =('*% )*0*& *-@&*%&' 0'& 0 /'-8C )*0*& .-' *%& @-01 -. ,01,410*(3@ *%& 0+&'0@& =('*% '0*&) -.

(32(+(2401) -+&' *%&(' 1(.&5

;%& +&,*-' -. /-/410*(-3 =('*% '0*&) )0*()!&) 0 :0*'(8 +&')(-3 -. M-*<0N) (3*&@'01 &A40*(-3

B(t) =
∫ t+τ

F

B(t − a)!(a) 2a +#;!e(t+τ )"N(−τ )

$%(,% .-' τ → ∞ '&24,&) *-

B(t) =
∫ ∞

F

B(t − a)!(a) 2a.

O4=)*(*4*(-3 -. 03 &8/-3&3*(01 *'(01 )-14*(-3 &ρaU @(+&) *%0* *%& (3+0)(-3!*3&)) ρ ,03 =& ,01,410*&2

.'-: ! =C )-1+(3@ ,%0'0,*&'()*(, &A40*(-3E

2-:(303* &(@&3+014& -. !̃(ρ) = !,$(*% !̃(z) :=
∫ ∞

F

&−za!(a) 2a

032 *%0* U &A401) *%& &(@&3+&,*-' $(*% &(@&3+014& ! -. !̃(ρ).

;%& @&3&'01 *%&-'C -. '&3&$01 &A40*(-3) *&11) *%0* .-' τ → ∞ (32&&2 B(t) $(11 @'-$ 1(<& &ρaU 5

P'-: *%& .0,* *%0* 01)- B(t) = #
;
!N(t)9 (* .-11-$) *%0* *%& ρ .-432 (3 *%() :033&' 01)- )0*()!&)

2&*(!+"− ρ$) = F5
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$%& '()* +%,-.

! :=
∫ ∞

/

!(a) ,a = !̃(/) 01, R/ = ,%+)101' -)2-130.4- %5 !.

6)17- 0.. 7%+8%1-1'* %5 !̃(z) 0&- 8%*)')3- 01, ,-7&-0*- 9)'( z: 0.*% )'* ,%+)101' -)2-130.4-

,-7&-0*-* 9)'( z; <-17-: ρ )* 8%*)')3- 9(-1 R/ > ! 01, )* 1-20')3- 9(-1 R/ < !;

$)10..=: '(- 5%..%9)12 0&24+-1' *(%9* '(0' '()* R/ &)2('54..= 701 >- )1'-&8&-'-, 0* 01 03-&02-

.)5-')+- %55*8&)12 14+>-&; ?(- 03-&02- .)5-')+- 14+>-&* %5 %55*8&)12 >= )1,)3),40.* >%&1 )1

,)55-&-1' *'0'-* -@40. "?!: 9(-&- " )* 0 3-7'%& '(0' (0* 0.. )'* 7%+8%1-1'* -@40. '% !; ?(- 10'4&0.

8&%>0>).)'= ,)*'&)>4')%1 '% 03-&02- '(-*- 14+>-&* %3-& )* '(- *'0')%10&= ,)*'&)>4')%1 2-1-&0'-, >=

'(- 2-1-&0')%1 8&%7-** )'*-.5: );-;: '(- &)2(' -)2-13-7'%& U %5 ! 7%&&-*8%1,)12 '% R/: 1%&+0.)A-,

*47( '(0' "?U = !; B%)12 *% 2)3-* "?!U = "
?R/U = R/"

?U = R/;

01(.23% C-1,-.)01 ,)8.%),* 9)'( -3-&=>%,= >%&1 -@40.: >4' 8%'-1')0..= 5%& 0 ,)*')17')%1

>-'9--1 +0.-* 01, 5-+0.-*;

D1 '(- 70*- %5 ,)8.%), (-&+08(&%,)'-* 9)'( >4' 0 *)12.- >)&'( *'0'-: R/ -@40.* (0.5 '(- *4+ %5

'(- 03-&02- 14+>-&* %5 %55*8&)12 50'(-&-, %& +%'(-&-,; ?(- 507'%& %1-E(0.5 020)1 7%+-* 5&%+

'(- 9)*( '% ,-!1- R/ *47( '(0' '(- %4'7%+- 5&%+ 10)3- -3%.4')%10&= 70.74.0')%1* >0*-, %1 '()*

F%55*8&)12 14+>-&G 5%& )1,)3),40.* +0'7(-* '(- %4'7%+- 5&%+ +%&- ,-'0).-, 2-1-')70..= >0*-,

70.74.0')%1*;

H(-1 '(- *-I-* 0&- *-80&0'-: '(- *-I ,)55-&-17- 7%+-* %1 '%8 %5 '(- 8(=*)%.%2)70. *'&47'4&-; 6%

)1 '(- *)+8.-*' 70*-: '(- (E*'0'- -@40.* '(- 80)& J*-I: 8(=*)%.%2)70. *'0'-K; D1 ,)8.%),*: )5 -3-&=>%,=

)* >%&1 -@40. >4' 5%& '(-)& *-I: '(- 7%&&-*8%1,)12 1-I'E2-1-&0')%1 %8-&0'%& )*

! = !

L

(
#55 #5+
#+5 #++

)
,

9)'( #55 '(- .)5-')+- 14+>-& %5 ,042('-&* %5 0 5-+0.-: #5+ '(- .)5-')+- 14+>-& %5 ,042('-&* %5 0

+0.-: #+5 '(- .)5-')+- 14+>-& %5 *%1* %5 0 5-+0.-: 01, #++ '(- .)5-')+- 14+>-& %5 *%1* %5 0 +0.-:

0.. 5%& '(- +4'01': 0* '(-= (088-1 '% %774& )1 '(- -13)&%1+-1'0. 01, 2-1-')7 >07M2&%41, 8&%3),-,

>= '(- &-*),-1' 8%84.0')%1; ?(- *)+8.-*' 70*- )* 9(-1 '(- *-I ,-'-&+)10')%1 )* )1,-8-1,-1' %5 '(-

.%74* )1 9()7( '(- +4'01' ,)55-&* 5&%+ '(- &-*),-1' 0* '(-1 9- 701 9&)'- #55 = p5f : #+5 = p+f :

#5+ = p5m: #++ = p+m: 9)'( m 01, f '(- 14+>-&* %5 %55*8&)12 50'(-&-, 01, +%'(-&-, %3-& 0

.)5-')+-: 01, p+ 01, p5 '(- 8&%>0>).)'= %5 >-)12 >%&1 0 +0.- %& 0 5-+0.-; D1 '(0' 70*-: ! (0* &01M

%1- 01,

R/ = !

L
(p5f + p+m).

?()* &-*4.' 7%4., 0.*% (03- >--1 %>'0)1-, +%&- ,)&-7'.= >= %>*-&3)12 '(0' -3-&=>%,= )* >%&1

*'%7(0*')70..= -@40.: (03)12 -I07'.= '(- *0+- 8&%>0>).)'= %5 >-)12 >%&1 +0.- %& 5-+0.-; H- '(-1

2-' R/ >= N4*' 03-&02)12 %3-& '(- 8%**)>).)')-*;

O* 0 74&)%*)'=: 9- +-1')%1 '(0' 9(-1 '(- .%74* %1 9()7( '(- +4'01' ,)55-&* (0* 01 )1"4-17-

%1 '(- *-I ,-'-&+)10')%1: 9- 701 *').. -1, 48 9)'( '(- *0+- 5%&+4.0 >= ,-!1)12 p+ 01, p5 '%

>- '(- 0*=+8'%')7 8&%>0>).)')-* %5 >-)12 >%&1 0 +0.- %& 0 5-+0.-: );-;: >= 7(%%*)12 5%& p+ 01, p5
'(- 7%+8%1-1'* %5 '(- &)2(' -)2-13-7'%& U %5 !: 01, ,-!1)12 m 01, f 020)1 0* '(- 14+>-& %5

%55*8&)12 50'(-&-, %&+%'(-&-, %3-& 0 .)5-')+-: );-;: f = #55 + #+5 :m = #5+ + #++;?(-1: >= 4*)12

R/ = "
?
!U : -I07'.= '(- *0+- 5%&+4.0 5%& R/ )* %>'0)1-,; P1.= '(- *)+).0&)'= %5 '(- -I8&-**)%1*

)* 8.-0*)12Q '% 70.74.0'- p+ 01, p5 : 9- !&*' (03- '% 70.74.0'- R/;

O1%'(-& +0''-& )* '(0' 9(-1 )' 7%+-* '% 7%1*),-&)12 '&0)' -3%.4')%1: 9- 9).. (03- '% 077%41' 5%&

'(- 507' '(0': 7%1'&0&= '% '(- *)'40')%1 )1 (-&+08(&%,)'-*: '(- ,-3-.%8+-1'0. 80''-&1* %5 *-80&0'-
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$%&%$ '(% )%*%$$'(+,- .+//%(%)01 2%)*%3 0('+0 4%*05($ 6+,, 7%)%(',,- *5)$+$0 5/ 065 *5895)%)0$3 0:%

0('+0$ 5/ 0:% 8',%3 Y8 5(X83 '). 0:5$% 5/ 0:% /%8',%3 Y/ 5(X/ 1 ;) 7%)%(',3 0:%$% 065 $%&<.%9%).%)0

0('+0 4%*05($ .5 )50 %45,4% +).%9%).%)0,- '$ 0:%- '(% *5=9,%. >- 0:%+( 7%)%0+* *54'(+')*% ?5(

8=0'0+5)', *54'(+')*%3 .%9%).+)7 5) 6:%0:%( 5)% /5*=$%$ 5) +)0%(8%.+'0% 0%(8 %45,=0+5) $0'(0+)7

6+0: %)5=7: '**%$$+>,% 7%)%0+* 4'(+'0+5)3 5( 5) %45,=0+5) $0'(0+)7 /(58 ' 7%)%0+*',,- +8954%(+$:%.

959=,'0+5) 5( 75+)7 5) /5( $5 ,5)7 0:'0 +0 (=)$ 5=0 5/ 0:% +)+0+', 4'(+'0+5)@1 A),- +) 0:% %&0(%8% *'$%

0:'0 0:% *54'(+')*%$ >%06%%) 8',% '). /%8',% 0('+0$ '(% ',, B%(53 0:% /%8',% '). 8',% *5<%45,4% '$

+/ 0:%- 6%(% $%9'('0% $9%*+%$1 ;) 0:% 50:%( %&0(%8% *'$%3X8 = G(X/)3 0:% $0').+)7 ').8=0'0+5)',

4'(+'0+5) +) 0:% 8',% '). /%8',% 0('+0 4%*05($ +$ /=,,- *5((%,'0%.3 '). 6% *') $9%'C 5/ ' $+)7,%

%45,=0+5)'(- 0('+0 4%*05(3 %&9(%$$%. .+//%(%)0,- +) 8',%$ '). /%8',%$ ?%&*%90 6:%) G +$ %D=', 05

0:% +.%)0+0-3 +) 6:+*: *'$% 6% :'4% E=$0 ' $+)7,% 0('+0 4%*05(@1

;) 7%)%(',3 0:'0 +$3 +/ 0:%- .5 )50 (%.=*% 05 ' 8'0(+& 6+0: $58% $9%*+', *5)4%)+%)0 $0(=*0=(%3

)%&0<7%)%('0+5) 59%('05($ .5 )50 ',,56 %&9,+*+0 %&9(%$$+5)$ /5( 0:%+( .58+)')0 %+7%)4',=%1 2%)*%3

0:%(% +$ ' )%%. /5( ' )%&0 ,'-%( 5/ 9(5&+%$3 0:+$ 0+8% /5( RF1

G:% 8'+) 0:%5(%8 5/ 0:% 9'9%(3 0%,,+)7 :56 0:% *:'('*0%(+$0+* 95,-)58+', 5/ 0:% )%&0<7%)%('0+5)

8'0(+& %4',='0%. '0 ! *') >% =$%. 05 .%*+.% '>5=0 7,5>', =)+)4'.'>+,+0-3 +$ $0'0%. '). 9(54%. +)

H%*0+5) I1 ;) H%*0+5) J3 6% $C%0*: 0:% %$$%)0+', 7%58%0(+*', )'0=(% 5/ 0:% (%$=,0 /5( 0:% $9%*+',

*'$% 5/ K× K 8'0(+*%$3 '$ 0:+$ +$ 0:% 5),- *'$% ',,56+)7 )%'0 9+*0=(%$1 ;) H%*0+5) L3 6% $=88'(+B%

,5*', *',*=,'0+5) (%*+9%$ 6:+*: *') '85)7 50:%( 0:+)7$ >% =$%. /5( 0:% .%0%(8+)'0+5) 5/ ?,5*',

9(59%(0+%$ 5/@ %45,=0+5)'(+,- $+)7=,'( 95+)0$3 0:'0 +$3 95+)0$ X 6:%(% [∂ρ/∂Y ](X, E'00((X)) = F

?0:% .%(+4'0+4% >%+)7 0'C%) /5( 0:% !($0 '(7=8%)0 5/ ρ3 6(+00%) '$ Y 6:%) ρ 6'$ !($0 +)0(5.=*%.3

'/0%( 6:+*: 0:% (%$=,0+)7 /=)*0+5) +$ %4',='0%. '0 ?X, E'00((X))@1 G:%$% 065 ,+)%$ 5/ '(7=8%)0

*=,8+)'0% +) H%*0+5) " +) 0:% +)0(5.=*0+5) 5/ 0:% )%6 !0)%$$ 9(5&-Q(Y |X)1 ;) H%*0+5)$ MN#3 6%

9(%$%)0 0:(%% *'$% $0=.+%$ 5/ :56 0:% '>$0('*0 (%$=,0$ *') >% 9=0 05 755. =$%1

!" #$% !&'()*+%)*,- .,) *-/01*,- 0-2 *+1 %3+%-1*,- .,) -,-'-%40+*/% 5× 5 60+)*(%1

G:% (%$=,0 0:'0 6% '(% '/0%( +$ >'$+*',,- 0595,57+*', +) )'0=(%1 ;) 0:+$ $%*0+5)3 6% ,'- >'(% 0:%

=).%(,-+)7 $0(=*0=(% /5( 0:% *'$% 5/ K× K 8'0(+*%$3 6:%(% %4%(-0:+)7 *') %'$+,- >% 4+$=',+B%.1

G:+$ ',$5 ',,56$ =$ 05 $:56 :56 0:% 7%)%(', !0)%$$ 9(5&- 05 >% .%$*(+>%. +) 0:% )%&0 $%*0+5)

*') >% $%%) '$ ' )'0=(', %&0%)$+5) 5/ 0:% RF < ! )5)<+)4'$+5) *(+0%(+5) /5( O%$,+% 8'0(+*%$1 G:%

7%)%(', (%$=,0 +$ .%$*(+>%. +) H%*0+5) I1 G:% 9(55/ 0:%(% 8'C%$ )5 =$% 5/ 0:% +.%'$ .%4%,59%. +)

0:+$ $%*0+5)1 ;/ -5= '(% 8'+),- +)0%(%$0%. +) '99,+*'0+5)$ 5( +) 0:% 7%)%(', 9(55/3 -5= 8'- E=$0

'$ 6%,, .+(%*0,- 854% 05 0:'0 $%*0+5)1 G:+$ $%*0+5) +$ 5),- 8%')0 /5( 0:5$% 6:5 7%0 850+4'0%. >-

$%%+)7 :56 .+//%(%)0 (%$=,0$ *5))%*01

G5 C%%9 5=( '(7=8%)0$ (%,'0+4%,- =)*,=00%(%.3 6% $:',, *5=*: 0:%8 +) 0:% /5(8 5/ 0:% .%(+4'0+5)

5/ %$0+8'0%$ /5( 0:% $+7) 5/ 0:% +)4'$+5) !0)%$$ /5( $+89,% .+$*(%0%<0+8%85.%,$ +)8'0(+& /5(81 G:%

+)$+7:0$ 0:=$ 5>0'+)%. '99,- 6+0:5=0 *:')7% 05 %$0+8'0+)7 0:% $+7) 5/ ,)?RF@ +) 85(% *589,+*'0%.

85.%,$ 0:'0 ',,56 0:% )%&0<7%)%('0+5) 59%('05( 5/ 0:% ,+)%'(+B%.8=0')0 .-)'8+*$ 05 >% (%9(%$%)0%.

'$ ' 8'0(+&1

P5)$+.%( 0:% ,+/% :+$05(- 7('9:+*',,- (%9(%$%)0%. +) Q+7=(% J3 6+0: 0:% $=(4+4', 9(5>'>+,+0+%$

F ≤ sF3 s! ≤ ! '). /%(0+,+0+%$ f!3 fK ≥ F3 .%0%(8+)%. >- 0:% %)4+(5)8%)0 $%0 >- 0:% *588=)+0-

'$ 6%,, '$ >- ' 950%)0+',,- %45,4+)7 0('+0 4%*05(1 ?G5 '45+. *,=00%(3 6% $:',, +) 0:+$ $%*0+5) :+.%

0:% %4%(<9(%$%)0 '(7=8%)0$ (Y |X)1@ G+8% +$ $=995$%. 05 (=) +) $0%9$ '). 0:% +).+*%$ ! '). K 5/

0:% 959=,'0+5) $+B%$ ni (%/%( 05 '7% %&9(%$$%. +) )=8>%( 5/ 0+8% $0%9$1 G:% 959=,'0+5) (%*=((%)*%

*5((%$95).+)7 05 0:+$ ,+/% :+$05(- +$

N ′ = 7N 6+0: N =
(

n!

nK

)
, 7 =

(
sFf! sFfK
s! F
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!"# !"#"!" $%&' ()* +" ,%-.(/

n1 n2

s1

s0

f2
f1

newborns

$%&'() *+ ,%-./) /%0) 1%234(5 '2)6 34 %//'23(73) 148 R# 97: ;) %:3)(.()3)6 72 !− P <!=+

>1) 917(793)(%23%9 )?'73%4: 04( 7 -'37:3 %: 7 94:237:3 ):@%(4:-):3 2)3 ;5 7 ()2%6):3 94--':%35 %2

P(λ) := λA − f!s#λ − fAs!s# = #,

7:6

ρ = /:(λ6),

81)() λ6 %2 31) 94(()2.4:6%:& 64-%:7:3 )%&):@7/') <%+)+B λ6 ≥ |λi |)+ >1)() %2 4:/5 7 2%:&/) ;%(31
2373)B 24

R#(= !) = f!s# + fAs!s#.

C5 ()8(%3%:& 31) 917(793)(%23%9 )?'73%4: 72

! = f!s#λ
−! + fAs!s#λ

−A

%3 %2 )725 34 2)) <$%&'() D= 3173

R# ≷ ! ⇔ ρ ≷ #.

E: 31%2 )F7-./)

P(!) = !− R#.

>1)()04()

P(!) ≷ # ⇔ ρ ≶ #.

G48)@)(B ':04(3':73)/5 31) /733)( ()2'/3 64)2 :43 )F3):6 34-4() &):)(7/ -46)/2 /79H%:& 31) 9('9%7/

I)(4 %: 31) -73(%F"+

$%&'() J 6).%932 31) '2'7/ 9(%3)(%7 04( 81): 31) -46'/'2 40 31) 64-%:7:3 )%&):@7/') 40 7 A× A

-73(%F %2 2-7//)( 317: !+ E0 8) %:6%973) %: 31) 27-) .%93'() 31) ()7/%I7;/) @7/')2 40 31) 3(79)

7:6 6)3)(-%:7:3 04( A×A K)2/%) -73(%9)2 <$%&'() L=B %3 ;)94-)2 9/)7( 815 04( 2'91 -73(%9)2 31%2
94-./%973)6 94-;%:73%4: 40 9(%3)(%7 97: ;) ()./79)6 ;5 31) 2%-./) R#M9(%3)(%4:+

λd

1

R0

10 λ

f1 s0 λ-1 + f2 s1 s0 λ-2

$%&'() D+ N)/73%4: ;)38)): R# 7:6 λ6 04( 31) /%0) 1%234(5 40 $%&'() A+
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1 trace

det

2
0

-1

-1 0-2

| λd|  < 1

1

#$%&'( )* +,( -./&(0 12 3,( 3'.4( .56 6(3('7$5.53 12 . 8× 8 7.3'$9 21' :,$4, $30 617$5.53 ($%(5-./&( $0 07.//(' 3,.5 !*
+,( ;.'.<1/. 0(;.'.3(0 3,( '(%$150 :$3, '(./ .56 417;/(9 ($%(5-./&(0* =5 3,( /$5( 6(3 = 3'.4(− !> . '(./ ($%(5-./&(
4'100(0 !? 15 3,( /$5( 6(3 = −3'.4(− !> . '(./ ($%(5-./&( 4'100(0 −!> .56 21' 417;/(9 ($%(5-./&(0 4'100$5% 3,( /$5(
6(3 = ! 41''(0;1560 31 3,($' 716&/&0 4'100$5% !* @17( 2&'3,(' 6(3.$/0 .<1&3 3,( /14.3$15 12 3,( '(./ ($%(5-./&(0 .'( %$-(5
$5 #$%&'( A*

P(1) > 0               P(1) = 0                P(1) < 0
⇔ R0 = 1

λd > 1

λd < 1 1 trace

det

2

-1

-1-2

det

1

0

non-feasible region

0

A =
0 θ2

θ1 0

A =
λ θ
0 0( )

( )

#$%&'( B* +,( -./&(0 12 3,( 3'.4( .56 6(3('7$5.53 3,.3 4.5 <( '(./$C(6 <D 8× 8 E(0/$( 7.3'$4(0 !* +,( 21'7&/.0
41''(0;156 31 3,( %(5('$4 21'7 12 ! 15 3,( 4&'-( $56$4.3(6 <D 3,( .''1:> :$3, λ .56 F3,(G θ(i ) 2'(( ;.'.7(3('0* H13( 3,.3

P(!) = !− 3'.4(+ 6(3* #1' E(0/$( 7.3'$4(0
(a b
c I

)
> P(!) = ! J a J 1,*

K2 :( 3,(5 ./01 /11L :,$4, '(%$150 $5 3,( F3'.4(>6(3GM;/.5( 4.5 <( '(./$C(6 <D %(5('./ 515M

5(%.3$-( 7.3'$4(0 F#$%&'( "G> $3 <(417(0 4/(.' :,D 3,( P(!) > I 4'$3('$15 61(0 513 (93(56 31

%(5('./ 515M5(%.3$-( 8× 8 7.3'$4(0* +,( 3'1&</( 417(0 2'17 3,( '$%,3 &;;(' '(%$15 <(3:((5

3,( /$5( P(!) = I .56 3,( ;.'.<1/. 6(3 = !
N
3'.4(8 $5 :,$4, ./01 3,( 0(4156 ($%(5-./&( $0 /.'%('

3,.5 15(*

#$%&'( " ./01 0&%%(030 ,1: 15( 7.D 03$// ;&3 3,( P(!) > I 4'$3('$15 31 %116 &0( (-(5 :,(5 3,(

&56('/D$5% ;1;&/.3$15 6D5.7$40 /(.60 31 71'( %(5('./ 8× 8 7.3'$4(0 .0 <.0$0 21' 3,( 4./4&/.3$15

12 3,( 5((6(6 $5-.0$15 !35(00(0O .5D '(0$6(53> $54/&6$5% .5D ;'10;(43$-( P@@> ,.0 $5-.0$15 !35(00

C('1* Q(54(> .5D 7&3.53 (R&./ 31 3,( '(0$6(53 !560 $30(/2 15 3,( /$5( 0(%7(53 2'17 (3'.4(>6(3) =
(I, −!) 31 (3'.4(>6(3) = (8, !)*S( 0,.// .00&7( !'03 3,.3 .3 3,( '(0$6(53 ;,(513D;( 3'.4(8 )= N 6(3*

F+,$0 4156$3$15 $0 %&.'.53((6:,(5 21' 3,( '(0$6(53! $0 $''(6&4$</(*GT00&7(51: 3,.3 3,( 03'.3(%$(0

&56(' 4150$6('.3$15 .'( 4,.'.43('$C(6 <D . 3'.$3 -(431' 2'17 017(Rn* K2 3,( /$2(M,$031'D ;.'.7(3('0
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  P(1) > 0                P(1) = 0                 P(1) < 0
⇔ λd = 1

λd > 1

λd < 1 1 trace

det

2

-1

-1-2

det

A =
0 θ2

θ1 0

 
 
  

 
 
  

non-feasible region

1

0
0

A =
λ θ
0 λ

 
 
  

 
 
  ( )

( )

$%&'() "* +,-.%/%,0 ()&%12 31( - &)2)(-/ 21242)&-,%5) #× # 6-,(%7 !* 89) 31(6'/-: ;1(():<12= ,1 ,9) &)2)(%; 31(6 13
! 12 ,9) ;'(5) %2=%;-,)= .0 ,9) -((1>? >%,9 λ -2= @,9)A θ(i ) 3()) <-(-6),)(:*

=)<)2= ;12,%2'1':/0 12 ,9) ,(-%, 5);,1(? -20 ;12,%2'1': ;'(5) %2 ,(-%, :<-;)>%//6-< ,1 - ;12,%2'1':

;'(5) %2 @,(-;)?=),A4</-2)* B3 31( 21 -/,)(2-,%5) :,(-,)&0 ,9) ;1(():<12=%2& <1%2, %2 @,(-;)?=),A4</-2)

)5)( /%): %2 ,9) ()&%12 P(!) = C? ,9)2 ,9) ,(1'./):16) ()&%12 ;-2 2)5)( .) ()-;9)= .0 31//1>%2&

- ;12,%2'1': <-,9 %2 ,(-%, :<-;) :,-(,%2& 3(16 ,9) ():%=)2,* D)2;)? 21 :,(-,)&0 ;-2 %25-=) ,9-, %:

;122);,)= ,1 %, .0 - ;12,%2'1': <-,9 %2 ,(-%, :<-;)* 89) ;12;/':%12 %: ,9-, %3 31( -// :,(-,)&%): .', -

<(1:<);,%5) E++P(!) > C? ,9)2 21 :,(-,)&0 ,9-, ;-2 .) ;122);,)= ;12,%2'1':/0 ,1 ,9%: <(1:<);,%5)

E++ ;-2 %25-=)* D)2;)? '2=)( ,9):) ;12=%,%12:? %3 ,9) ,(-%, :<-;) %: ;122);,)= ,9) <(1:<);,%5) E++

%: %2=))= '2%25-=-./)*

F1> ;12:%=)( ,9) ;-:) >9)() 31( ,9) ():%=)2, ,(-;)# = G =),* +%2;) ,9) <1<'/-,%12 %: -, )H'%4

/%.(%'6? ! ,9)2 9-: ,9) 31(6
(
! C
C !

)
%2:,)-= 13 ,9) 61() &)2)(-/ 31(6 %2=%;-,)= %2 $%&'() " 31(

(    resident)
1

P

λ 1

1

1 trace

λd > 1

λd < 1

det

1

1

1

1

1

11

2

non-feasible region

10

0

10

$%&'() I* J1;-,%12 13 ,9) ;9-(-;,)(%:,%; <1/0216%-/ %2 =)<)2=)2;) 12 ,(-;) -2= =),*
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!"#$%&' "( )*"'"+*,&' -.%&/*,0 !"#

$%&'()*+ ,(&- &'%)*. = / 0*&1 2+ %3 *4%$56*7 89: $%8 &-(3; 9< % 595:6%&(93 6(=(3> (3 &,9 5%&)-*+

,(&- &-* +&'%&*>8 5%'%$*&*' ?*(3> &-* $(>'%&(93 '%&* ?*&,**3 &-9+* 5%&)-*+ %30 39 $(>'%&(93 <9'

&-* 5'9+5*)&(=* @AA1 B3 &-%& )%+*7 &-* 5'*=(9:+ %'>:$*3& >9*+ &-'9:>- 93 &-* )930(&(93 &-%& )69+*

&9 &-* 5'9+5*)&(=* @AA 0*& < !7 9' *C:(=%6*3&68 &'%)* < .1

B3 &-* <9669,(3> +*)&(937 ,* +-%66 *4&*30 &-* %?9=* '*+:6& <9' .× . $%&'()*+ &9 >*3*'%6 n × n

$%&'()*+1 2+ % 5'*5%'%&(937 D(>:'* E +-9,+ $9'* 0*&%(6+ 9< -9, (3 &-* .× . )%+* &-* 69)%&(93 9<

&-* )-%'%)&*'(+&() 596839$(%67 %30 -*3)* 9< (&+ '99&+7 )-%3>*+ ,(&- &'%)* %30 0*&1

!" #$% P(&) > ' ()*+%)*,- .,) /%-%)01 n × n 20+)*(%3

F*& P(λ; Y |X) := 0*&(λ4− 5(Y |X)) 0*39&* &-* )-%'%)&*'(+&() 596839$(%6 9< &-* 3*4&G>*3*'%&(93

$%&'(4 9< &-* 6(3*%'(H*0 083%$()+ 9< % Y $:&%3& (3 %3 X '*+(0*3& )9$$:3(&8 I*45'*++*0 +9 &-%&

&-* 6*%0(3> )9*<!)(*3& (+ 59+(&(=*J1

Theorem 123 $30*43%5 6 *0 #%*%7&4&8'3 *( (i) 523 43/"+$&92*, 9&$&/353$0 4393%4 ,"%5*%#"#0'.

"% 523 5$&*5, (ii) 523 5$&*5 09&,3 *0 ,"%%3,534, (iii)

P (!; Y |X) > K f or all Y )= X,

&%4 I(=J (∂P/∂λ)(!; X|X) )= K (:2*,2 *0 &':&.0 523 ,&03 *( !(X|X) *0 *$$34#,*8'3) "$

(∂P/∂λ)(!; X|X) = K &%4 RK < ! ("$ Y ,'"03 5" X (523 '&553$ ,"%4*5*"% *0 +#&$&%5334, ("$

3;&/9'3, 8. (∂.P/∂λ.)(!; X|X) )= K &%4 (∂P/∂λ)(!; Y |X) > K ("$ Y ,'"03 5" X).

<% 523 "523$ 2&%4 *(

P(!; Y |X) < K f or some Y,

523% 52&5 Y ,&% *%7&43 X.

=$""( B3=%+(93 !&3*++ %30 RK %'* )93&(3:9:+ (3 &-* 0*$9>'%5-() 5%'%$*&*'+ %30 -*3)* (3 &-*

&'%(&+1RK 9< &-* '*+(0*3& *C:%6+ !1 L8 %++:$5&(937 %66 %6&*'3%&(=* +&'%&*>(*+ )%3 ?* '*%)-*0 <'9$ &-*

'*+(0*3& ?8 <9669,(3> % )93&(3:9:+ 5%&- &-'9:>- &'%(& +5%)*1 M-*'*<9'*7 9368 =%6:*+ 9<RK )%3 9)):'

&-%& )%3 ?* '*%)-*0 &-'9:>- ?(<:')%&(93+ )9$5%&(?6* ,(&- RK ?*(3> &-* 09$(3%3& *(>*3=%6:* 9< %

393G3*>%&(=* $%&'(4 %30 &-* %++:$5&(93 &-%& P(!; Y |X) > K1 M-* *4(+&*3)* 9< +:)- %3 *(>*3=%6:*

(+ >:%'%3&**0 ?8 &-* N*''93OD'9?*3(:+ &-*9'*$1 M-* %++:$5&(93+ 9< 393G3*>%&(=(&8 $%;* &-*

09$(3%3& *(>*3=%6:* 393G3*>%&(=* '*%6 %30 -*3)* % )93&(3:9:+ <:3)&(93 9< &-* 0*$9>'%5-()

5%'%$*&*'+ %30 9< &-* &'%(&+1 I@(>*3=%6:*+ %'* +$99&- <:3)&(93+ *4)*5& <9' %3 (30*&*'$(3%)8

,-*'* &-*8 )'9++P >(=*3 &-%& &-* 09$(3%3& *(>*3=%6:* (+ %6,%8+ '*%67 (& (+ 3*)*++%'(68 )93&(3:9:+7

%6&-9:>- 39& +$99&-7 9=*' +:)- % )'9++(3>1J M-* %++:$5&(93 &-%& P(!; Y |X) > K $%;*+ &-%& &-*

09$(3%3& *(>*3=%6:* (+ 39& %669,*0 &9 $9=* )93&(3:9:+68 &9 %?9=* ! (3 &-* $%33*' (30()%&*0 (3

&-* 69,*' 6*<& 5%3*6 9< D(>:'* Q1

D9' &-* +*)930 5%'&7 (< P(!; Y |X) < K <9' +9$* Y &-*'* $:+& ?* +9$* '*%6 λ > ! +:)- &-%&

P(λ; Y |X) = K1 A(3)* &-(+ λ (+ %3 *(>*3=%6:* %30 +(3)* RK(Y |X) (+ 09$(3%3&7 *(&-*' RK(Y |X) =
λ > ! 9' RK(Y |X) > λ > !1 #

ID9' >*3*'%6 596839$(%6+ P ,(&- 59+(&(=* 6*%0(3> &*'$7 &-*'* (+ %6+9 % ,%8 &9 5'90:)* % 59+(&(=*

'*%6 '99& %?9=* ! <'9$ % +&%'&(3> +(&:%&(93 ,-*'* &-*'* %'* 39 +:)- '99&+ ,-(6* %66 &-* &($* ;**5(3>

P(!; Y |X) > K7 &9 ,(& &-'9:>- &-* ?(<:')%&(93 0*5()&*0 (3 &-* 69,*' '(>-& 5%3*6 9< D(>:'* Q1

R9,*=*'7 <9' 393G3*>%&(=* $%&'()*+7 &-(+ ?(<:')%&(93 (+ ':6*0 9:& ?8 9?+*'=(3> &-%& S:+& ?*<9'*

+:)- % ?(<:')%&(93 ,9:60 9)):' &-*'* -%=* &9 *4(+& )9$56*4 *(>*3=%6:*+ ,(&- $90:6:+ 6%'>*' &-%3

&-* 393G3*>%&(=* '*%6 09$(3%3& *(>*3=%6:*7 ,-()- ,9:60 )93&'%0()& (&+ 09$(3%3)*1J
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1

P

λ 1

Im

Re

i

1

1

impossible:

since:

Y = X : other Y:

not allowed by assumption:

1

$%&'() *+ ,-.(-%/& 0(12 . 3%-'.-%1/ 45)() -5) 612%/./- )%&)/7.8') )9'.83 !: ;)(-.%/ <%0'(;.-%1/3 10 -5) (11- =.--)(/ 10
-5) ;5.(.;-)(%3-%; =18>/12%.8 10 . =13%-%7) 2.-(%? .() )?;8'6)6 <> -5) .33'2=-%1/ -5.- P @!A Y |X) > B+

C/ -5) /)?- 3);-%1/: 4) 35.88 ;1/3%6)( %/ 21() 6)-.%8 -5) -118<1? 01( 5%&5)( 6%2)/3%1/.8 -(.%-

3=.;)3: 45%;5 %3 <.3)6 8.(&)8> 1/ 81;.8 ;.8;'8.-%1/3+ D)(): 4) 1/8> 6%3;'33 -5) %2=8%;.-%1/3 10 -5)

.<17) -5)1()2 01( -5) 6(.4%/& 10 ECE3+

$1( -5) ;.8;'8.-%1/ 10 ECE3 1/) ;./ 8.(&)8> ;1/;)/-(.-) 1/ 3187%/& 01( Y %/ P(!; Y |X) = B

@$%&'() !BF+ C0 1/): %/ .66%-%1/: G/143 312) =1%/- %/ -5) @X: Y FH=8./) 01( 45%;5 -5) %/7.3%1/

!-/)33 %3 /)&.-%7): -5)/ -5) %/7.3%1/ !-/)33 %3 .831 /)&.-%7) %/ .88 =1%/-3 -5.- ;1//);- -1 -5%3 =1%/-

<> . ;1/-%/'1'3 =.-5 -5.- 61)3 /1- ;(133 1/) 10 -5) 318'-%1/ ;'(7)3 10 P(!; Y |X) = B+ I3 311/

.3 3';5 . ;'(7) %3 ;(133)6: -5) !-/)33 ;5./&)3 0(12 /)&.-%7) -1 =13%-%7)+ ,%2%8.(8>: %0 1/) G/143

. =1%/- 01( 45%;5 %/7.3%1/ !-/)33 %3 =13%-%7): -5)/ %/7.3%1/ !-/)33 %3 .831 =13%-%7) %/ .88 =1%/-3

-5.- ;1//);- -1 -5%3 =1%/- <> . ;1/-%/'1'3 =.-5 -5.- 61)3 /1- ;(133 1/) 10 -5) 318'-%1/ ;'(7)3 10

P(!; Y |X) = B+ ,%/;) %/ -5%3 ;.3) .831 312) 1-5)( )%&)/7.8') 2.> =.33 -5(1'&5 ! 45)/ . 318'-%1/

;'(7) %3 ;(133)6: !-/)33 2.> 1( 2.> /1- ;5./&) 3%&/ -5)()+

P(1;Y |X) = 0

?

+
+

–

–

$%&'() !B+ J5) %/01(2.-%1/ &%7)/ <> -5) 318'-%1/3 10 -5) )9'.-%1/ P(!; Y |X) = B %/ -5) (X, Y )H=8./) .<1'- -5) 3%&/3
10 -5) %/7.3%1/ !-/)33+
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$%& '&(&)*+ ,%&-). -/ 0&1,2-( 3 24 5&6&(5&(, -(+. -( ,%& 1-((&1,272,. -/ ,%& ,)*2, 46*1&8 9:, 2,4

*66+21*,2-( 24 4:9;&1, ,- 1-(4,)*2(,4< =( 6*),21:+*)8 42>6+& ')*6%21*+ ,--+4 +2?& @=@4 )&A:2)& ,%& ,)*2,4

,- 9& 41*+*)< $%&)&/-)&8 /-) %2'%&) 52>&(42-(48 *(5 /-) >-4, (:>&)21*+ B-)?8 +-1*+ 1*+1:+*,2-(4

5->2(*,& ,%& ,)*5&<

C4 /*) *4 B& *)& *B*)&8 ,%& !)4, *:,%-)4 ,- 5&)27& +-1*+ 2(7*5*92+2,. 6)-6&),2&4 52)&1,+. /)-> ,%&

1%*)*1,&)24,21 6-+.(->2*+ -/ ,%& +2(&*)2D&5 2(7*42-( 5.(*>214 B&)& $*.+-) *(5 E:+>&) F3#G< $%&2)

1*+1:+*,2-(4 B&)& ,*?&( /:),%&) 9. H-:),&*: *(5 I&44*)5 FJG< C4 ,%&4& ,&1%(2A:&4 *)& &K,)&>&+.

:4&/:+ 2( *66+21*,2-(48 B& 4:>>*)2D& %&)& ,%&2) &K,&(42-( ,- %2'%&) 52>&(42-(*+ ,)*2, 46*1&4<

$- ?&&6 ,%& 1*+1:+*,2-(4 42>6+&8B& 4%*++ ,%)-:'%-:, ,%24 4&1,2-( *44:>& ,%*, ,%& (&K,L'&(&)*,2-(

>*,)2K 24 *+B*.4 2))&5:129+&<

I&,

s(Y |X) := ρ(Y | E*,,)(X)).

@-2(,4 2( ,)*2, 46*1&B%&)& [∂s/∂Y ](Y |X) = M *)& 1*++&5 &7-+:,2-(*)2+. 42(':+*) F!"8NNG< OK*>6+&4

*)& *++ ,%& 46&12*+ 6-2(,4 2(521*,&5 2( P2':)& Q< $%& '-*+ -/ ,%24 4&1,2-( 24 ,- 1*+1:+*,& O0@4 *(5 ,-

5&)27& 2(521*,-)4 /-) ,%&2) +-1*+ 2(7*5*92+2,. *(5 *,,)*1,272,. /)-> ,%& 1%*)*1,&)24,21 6-+.(->2*+<

C4 9&/-)&8 B& *44:>& ,%*, E*,,)(X) 5-&4 (-, ":1,:*,&< 02(1& *++ 1*+1:+*,2-(4 9&+-B *)& +-1*+8 2,

6*.4 !)4, ,- B)2,& -:, * (:>9&) -/ )&+*,2-(4 ,%*, %-+5 '--5 +-1*++. /-) ,%& 1%*)*1,&)24,21 6-+.(->2*+

-/ ,%& (&K,L'&(&)*,2-( >*,)2K *(5 /-) 2(7*42-( !,(&44 *(5 RMR

P(RM(Y |X); Y |X) = M,

[
∂P

∂λ

]
(RM(Y |X); Y |X) > M,

B2,% P(λ; Y |X) := 5&,(λ-− #(Y |X))8 *(5

/-) Y 4:/!12&(,+. 1+-4& ,- X8

s(Y |X) ≈ +((RM(Y |X))

T)(X|X)
,

2( 6*),21:+*)

∂s

∂Y
(X|X) = − ∂s

∂X
(X|X) =

[
∂RM/∂Y

T)

]
(X|X)

*(58 B%&( (∂s/∂Y )(X|X) = M,

∂Qs

∂Y ∂Y $
(X|X) =

[
∂QRM/(∂Y ∂Y $)

T)

]
(X|X),

∂Qs

∂X∂X$
(X|X) =

[
∂QRM/(∂X∂X$)

T)

]
(X|X)

B2,% T)(Y |X) ,%& >&*( *'& *, )&6)-5:1,2-( -/ Y L2(52725:*+4 2( E*,,)(X)8 T)(Y |X) =[∫ ∞
M

a.$!(a)/ 5a
]
(Y |X)8 [!(a)](Y |X) ,%& >*,)2K -/ *7&)*'& 6&) 1*62,* 92),% )*,&4 *, *'& a -/

* Y L2(52725:*+ 2( E*,,)(X) 52//&)&(,2*,&5 *11-)52(' ,- 92),% 4,*,&48 *(5 U *(5 V ,%& )2'%, *(5 +&/,

&2'&(7&1,-)4 -/ ,%& (&K,L'&(&)*,2-( >*,)2K # =
∫ ∞
M

!(a) 5a8 1-L(-)>*+2D&5 4:1% ,%*, !$U = !8

V $U = ! F!NG<
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$%&'( ')*' +)(, X -. * /&012, 3(/'&45 [∂./∂Y ](Y |X) -. * 4&+ 3(/'&4 *,6 [∂7./(∂Y ∂Y 8)](Y |X)

*,6 [∂7.(Y |X)/(∂X∂X8)](Y |X) *4( .91*4( 2*'4-/(.:; <&4(&3(45 .-,/(

s(X|X) = = *,6 R=(X|X) = !,

∂s

∂X
(X|X) = − ∂s

∂Y
(X|X) *,6

∂R=

∂X
(X|X) = −∂R=

∂Y
(X|X).

>? 6-@@(4(,'-*'-,A ')4&1A) ')( (91*0-'? P(R=(Y |X); Y |X) = =5 &,( A('.

∂P

∂λ
(R=(Y |X); Y |X)

∂R=

∂Y
(Y |X) + ∂P

∂Y
(R=(Y |X); Y |X) = =.

B(,/(5 @4&2 ,&+ &, +-')&1' (CD0-/-' *4A12(,'.5

∂R=

∂Y
= −

(
∂P

∂λ

)−!
∂P

∂Y
.

8)(4(@&4(5 (3&01'-&,*4-0? .-,A10*4 D&-,'.5 D4-2*4-0? /)*4*/'(4-E(6 F? [∂s/∂Y ](X|X) = =5 /*,

*0'(4,*'-3(0? F( /)*4*/'(4-E(6 ,&' &,0? F? [∂R=/∂Y ](X|X) = =5 F1' *0.& F?

∂P

∂Y
(!; X|X) = =.

01% 2(&&%/ 31(/(3&%/-'(&-4)5 51462* 47 346/5% 8% (99/49/-(&%2: .4*-!%* ;1%) &1% <=> -5 9(/&-(22:

*%&%/.-)%* 8: 34)5&/(-)&5 $/:@: G7HI;: #5 4&1%/;-5% ;% ;462* 1(?% &4 /%9%(& -& .(): &-.%55 92%(5%

-)5%/& &1% 2(5& 91/(5% ;1%/% )%%*%* -) (22 &1% 74224;-)@ *%2-8%/(&-4)5"

J14')(4 6-@@(4(,'-*'-,A ')4&1A) ')( /)*4*/'(4-.'-/ (91*'-&, A-3(.

∂7R=

∂Y ∂Y 8
= −

(
∂P

∂λ

)−! [
∂7P

∂λ∂YT

∂R=

∂Y
+ ∂7P

∂Y ∂Y 8

]
,

*,6

∂7R=

∂X∂X8
= −

(
∂P

∂λ

)−! [
∂7P

∂λ∂XT

∂R=

∂X
+ ∂7P

∂X∂X8

]
,

+)-/) *' .-,A10*4 D&-,'. X5 .-,/( ')(4( [∂R=/∂Y ](X|X) = [∂R=/∂X](X|X) = =5 4(61/(. '&

∂7R=

∂Y ∂Y 8
(X|X) = −

[(
∂P

∂λ

)−!
∂7P

∂Y ∂Y 8

]

(!; X|X),

*,6

∂7R=

∂X∂X8
(X|X) = −

[(
∂P

∂λ

)−!
∂7P

∂X∂X8

]

(!; X|X).

B(,/(5 * .-,A10*4 .'4*'(A? X -. 1,-,3*6*F0( -@ ')( .?22('4-/ .91*4( 2*'4-C

− ∂7P

∂Y ∂Y 8
(!; X|X) -. ,(A*'-3( 6(!,-'(,

*,6 &,0? -@ -' -. ,&,KD&.-'-3( 6(!,-'(:

8+& @14')(4 D4&D(4'-(. &@ -,'(4(.' @&4 (3&01'-&,*4? .-,A10*4 D&-,'. *4( .'4&,A /&,3(4A(,/( .'*K

F-0-'?5 *,6 21'1*0 -,3*6*F-0-'? &@ *' 0(*.' .&2( ,(-A)F&14-,A .'4*'(A-(. $,((6(6 @&4 ')( F1-06K1D

&@ * D&0?2&4D)-.2;:

!
"
#
$
%
"
&
'
(
'
)
*
+
,
)
-
.
(
/
0
&
1
2
)
3
%
"
4
5
)
6
7
,
)
8
9
,
8
:
)
;
<
)
=
(
>
1
?
&
1
+
)
@
8
;
;



!"#$%&' "( )*"'"+*,&' -.%&/*,0 !""

#$%&'( )&'*+%(+')+ ,$-./0/$1 -2&3'$, $& -$$%-)$/*/$1 &4 $5+ ,/'(30-% 6&/'$ 75-$+*+% $5+ 23$-8

$/&'-0 )&*-%/-')+ 2-$%/9 4&% $5+ :+$+%2/'/,$/) +*&03$/&'-%1 :1'-2/), $5-$ %+,30$, 75+' $5+

23$-$/&'-0 ,$+6, -%+ '&$ &'01 %-%+ .3$ -0,& *+%1 ,2-00 -': $/2+ /, %+,)-0+: -))&%:/'(01 ;<=><"?@

A' $5+ )-,+ &4 &'+8:/2+',/&'-0 $%-/$ ,6-)+,B -$$%-)$/*/$1 &4 $5+ ,/'(30-% 6&/'$ /, /':+6+':+'$ &4 $5+

23$-$/&'-0 *-%/-')+ -': $5+ )&':/$/&' 4&% ,$%&'( )&'*+%(+')+ ,$-./0/$1 %+:3)+, $& $5+ 3,3-0 )&'8

:/$/&' 4&% )&'$/'3&3, ,$-./0/$1 ;!CB!"BCC?@ D+/2-%E, ;<=><"? %+,30$ /, $5-$ /' )0&'-001 %+6%&:3)/'(

&%(-'/,2,B 5-60&/:, -': :/60&/:, F.3$ '&$ /' 5-60&8:/60&/:,B ,++ #+)$/&' "GB X /, ,$%&'(01 )&'*+%8

(+')+ ,$-.0+ /4 $5+ ,122+$%/) 2-$%/9 [∂<s/(∂X∂XH) − ∂<s/(∂Y ∂Y H)](X|X) /, 6&,/$/*+ :+!'/$+

-': &'01 /4 /$ /, '&'8'+(-$/*+ :+!'/$+@ I+')+B 3':+% $5+ (/*+' %+,$%/)$/&', &' $5+ %+6%&:3)$/*+

,1,$+2B -' +*&03$/&'-%/01 ,/'(30-% ,$%-$+(1 X /, ,$%&'(01 )&'*+%(+')+ ,$-.0+ /4 $5+ ,122+$%/)

2-$%/9

−
[

∂<P

∂X∂XH
− ∂<P

∂Y ∂Y H

]
(!; X|X) /, 6&,/$/*+ :+!'/$+.

-': &'01 /4 /$ /, '&'8'+(-$/*+ :+!'/$+@

H5+ )%/$+%/- 4&% 23$3-0 /'*-:-./0/$1 -%+ :/44+%+'$ /'B &' $5+ &'+ 5-':B $5+ )0&'-0 -': 5-68

0&/: J+':+0/-' -':B &' $5+ &$5+% 5-':B $5+ :/60&/: J+':+0/-' )-,+@ A' $5+ )0&'-0 -': 5-60&/:

)-,+B $5+%+ +9/,$ 6-/%, &4 23$3-001 /'*-:-.0+ ,$%-$+(/+, -%&3': - ,/'(30-% ,$%-$+(1 X /4 $5+ 2-$%/9

[∂<s/(∂X∂XH) + ∂<s/(∂Y ∂Y H)](X|X) /, '+(-$/*+ :+!'/$+ -': &'01 /4 /$ /, '&'86&,/$/*+ :+!'/$+B

&% +K3/*-0+'$01 /4 $5+ ,122+$%/) 2-$%/9

−
[

∂<P

∂Y ∂Y H
+ ∂<P

∂X∂XH

]
(!; X|X) /, '+(-$/*+ :+!'/$+,

-': &'01 /4 /$ /, '&'86&,/$/*+ :+!'/$+@ A' $5+ :/60&/: )-,+B $5/, /, $5+ )-,+ /4 $5+ 2-$%/9

[∂<s/(∂X∂XH)](X|X) /, 6&,/$/*+ :+!'/$+ -': &'01 /4 /$ /, '&'8'+(-$/*+ :+!'/$+ ;CL?B &%

+K3/*-0+'$01 /4 $5+ ,122+$%/) 2-$%/9

− ∂<P

∂X∂XH
(!; X|X) /, 6&,/$/*+ :+!'/$+,

-': &'01 /4 /$ /, '&'8'+(-$/*+ :+!'/$+@

!" #$% !&'%(( )*+,- .

H5+ 6%+)+:/'( &.,+%*-$/&', )-' .+ ,322-%/M+: /' $5+ ,$-$+2+'$ $5-$

Q(Y |X) := −P(!; Y |X)

)-' -)$ -, !$'+,, 6%&91 /' -00 0&)-0 )-0)30-$/&', %+0-$+: $& +*&03$/&'-%/01 ,/'(30-% 6&/'$,@ A4 $5+

$%-/$ ,6-)+ /, )&''+)$+:BQ )-' -0,& -)$ -, !$'+,, 6%&91 4&% $5+ )5+)N/'( &4 (0&.-0 3'/'*-:-./0/$1@

A' $5+ '+9$ ,+)$/&',B7+6%+,+'$ $5%++ )-,+ ,$3:/+, :+2&',$%-$/'( $5+ 3,+430'+,, &4Q@ A' -::/$/&'B

+-)5 &4 $5+,+ ,$3:/+, 5-, ,&2+ /'$+%+,$ /' /$, &7' %/(5$@

/" 01(% (&23- 45 677( 8' $1)9+:38)9+83(

O0$5&3(5 $5+ &66&,/$+ 6&,,/./0/$1 /, '&$ +9)03:+: .1 %30+, &4 0&(/) -0&'+B 7+ ,5-00 4&% :+!'/$+'+,,

$-N+ $5+ 512+'&6$+%-' ,/$3-$/&' -, %+4+%+')+ -': -,,32+ $5-$ 4+2-0+, -%+ :/60&/: -': 2-0+, -%+

5-60&/:@ A' $5-$ )-,+B &'01 $5+ 4+2-0+ %+6%&:3)$/*+ &3$63$ '++:, $& .+ :/,)&3'$+: 7/$5 !
<
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$%%&' $() *+),-&%&.-/$% ,012/02134 $(5 &(%) $,,263 0+$0 3731)8&5) -, 8&1( 392$% 820 :&1 0+3 ,3;

5-::313(/34 $(5 6$0-(. -, 1$(5&6< =+3,3 $,,26*0-&(, %3$5 0& 0+3 (3;0>.3(31$0-&( 6$01-;

! =
(
!
?
f:(Y |X) m(Y |X)

!
?
f6(Y |X) @

)

'-0+ f: -, 0+3 3;*3/035 %-:30-63 (26831 &: :36$%3 &::,*1-(. &: $ :36$%34 f6 0+3 3;*3/035 %-:30-63

(26831 &: 6$%3 &::,*1-(. &: $ :36$%34 $(5 m 0+3 3;*3/035 %-:30-63 (26831 &: A:36$%3B &::,*1-(.

&: $ 6$%3<

C: 0+3,3 92$(0-0-3,4 f: $(5 f6 53*3(5 &(%) &( 0+3 :36$%3 01$-0,4 $(5 m &(%) &( 0+3 6$%3 01$-0,<

D, -, 2,2$% -( 6&53%, '-0+ 6&13 0+$( &(3 8-10+ ,0$034 '-0+ ,&63 ,*$0-$% 6&53%, '-0+ $ .&&5

$6&2(0 &: ,)66301) $, &(%) 3;/3*0-&(4 0+3 3;*13,,-&( :&1 R@

R@ = !

E
f:(Y |X) + !

E

√
f ?: (Y |X) + !

?
mf6(Y |X)

5&3, (&0 3;/3% -( 01$(,*$13(/)<

F-(/3 ! +$, 0+3 ,012/0213 &: $ G3,%-3 6$01-;4

Q(Y |X) = !

?
[f: + f6m](Y |X) − !

-, $ :2%% !0(3,, *1&;)4 '-0+&20 $() (335 :&1 13,01-/0-&(, &( 0+3 ($0213 &: 0+3 01$-0 ,*$/3<

=+3 92$(0-0)

T: = Q + ! = !

?
(f: + f6m)

$%%&', $ (-/3 5-13/0 -(031*130$0-&( $, 0+3 $731$.3 (26831 &: $%%3%3, 01$(,6-0035 :1&6 :36$%3 0&

:36$%34 5-13/0 &1 0+1&2.+ $ 6$%3 73/0&1< A=+3 13$,&( :&1 &21 /+&-/3 &: 0+3 (&0$0-&( T: -, 0+$0

,-6-%$1%) /&(,012/035 92$(0-0-3, '313 -(01&52/35 '-0+ 0+-, (&0$0-&( -( HEIJ $(5 -( H?@J 2(531 0+3

($63 &: 0)*3 13*1&52/0-&( (26831<B

K7&%20-&($1-%) ,-(.2%$1 ,01$03.-3, /$( 83 /$%/2%$035 8) ,300-(.

∂Q

∂Y
(X|X) = !

?

[
∂f:

∂Y
+ m

∂f6

∂Y
+ f6

∂m

∂Y

]
(X|X) = @.

=+-, 392$0-&( /$( 83 '1-003( -( $ 6&13 3%3.$(0 $, '3%% $, 63$(-(.:2% :&16 8) &8,317-(. 0+$0

,-(/3 $0 *&*2%$0-&( 5)($6-/$% 392-%-81-26 0+3 13,-53(0 :36$%3, ,+&2%5 L2,0 13*%$/3 0+36,3%73,4

0+3 *&*2%$0-&( ,3; 1$0-& 392$%, f6(X|X)/f:(X|X)4 $(5 0+3 :36$%3, $13 $%% &::,*1-(. &: 6$%3,4

0+$0 -,4

f:(X|X) = !, f6(X|X) = r(X), m(X|X) = r−!(X),

'+313 r(X) -, 0+3 13,-53(0 ,3; 1$0-& A-<3<4 53(,-0) &:6$%3, 5-7-535 8) 53(,-0) &: :36$%3,B< K;*13,,35

-( 0+3 /&(01-820-&(, &: 0+3 0'& ,3;3,M
[
∂ %((f:)

∂Y:
+ ∂ %((f6)

∂Y:

]
(X: |X: , X6) = @,

[
∂ %((m)

∂Y6

]
(X6|X: , X6) = @,

&1 $%031($0-73%)

[
p6

∂f:

∂Y:
+ p:

∂f6

∂Y:

]
(X: |X: , X6) = @,

[
∂m

∂Y6

]
(X6|X: , X6) = @,

'-0+p6(X) $(5p:(X) 0+3 13,-53(0 :1$/0-&(, 6$%3, $(5 :36$%3,4p6 = r/(!+ r)4p: = !/(!+ r)<
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$%&'(')*+*,- .+/01 ,/ ' 0*%23+'4 0,4',12- X .'% )1 (1,145*%1( 64/5

∂7Q

∂Y ∂Y 8
(X|X) = !

7

[
∂7f6

∂Y ∂Y 8
+ m

∂7f5

∂Y ∂Y 8
+ f5

∂7m

∂Y ∂Y 8

]
(X|X),

/49 :4*,,1% /3, *% ,;1 5'+1 '%( 615'+1 ./5</%1%,0

∂7Q

∂Y ∂Y 8
(X|X) = !

7





∂7f6

∂Y6∂Y 86
+ r−! ∂7f5

∂Y6∂Y 86
=

= r
∂7m

∂Y5∂Y 85




(X|X).

><<'41%,+- *% ,;1 ?@@ ./%(*,*/%09 5'+10 '%( 615'+10 )1;'&1 '0 01<'4',1 0<1.*10 :*,; '0 /%+-

./3<+*%2 ,;1 611()'.A +//< ,;4/32; E',,4(X)B

8;1 (1,145*%',*/% /6 ./%(*,*/%0 6/4 0,4/%2 ./%&1421%.1 6/4 ;'<+/C(*<+/*(0 *0 '% /<1% <4/)+15B

8;1 41'0/% *0 ,;', ,;1 .'%/%*.'+ 1D3',*/% /6 '('<,*&1 (-%'5*.0 E011 FG9HI9 '%( *% <'4,*.3+'4 F!JIK9

:;*.; :'0 301( )- L1*5'4 F7MN7"I ,/ (14*&1 ;*0 .4*,14*'9 ,'A10 '% 3%303'+ 6/45 6/4 ;'<+/C(*<+/*(0

FJ!IB $% (*<+/*(09 *6 ,;141 '41 %/<'41%,'+ 1661.,09 21%1 1O<4100*/%)1./510 '((*,*&1 6/4 05'++ 1%/32;

53,',*/%'+ 0,1<0B $%&'0*/% !,%100 *0 ' <4/<14,- /6 ;1,14/P-2/,10B Q/:1&149 '6,14 ' 03)0,*,3,*/%9

,;1 </<3+',*/% '2'*% ./%0*0,0 /6 ;/5/P-2/,10B 8;1 1&1%,3'+ 03)0,*,3,*/% 0,1< *0 ,;1416/41 ,:*.1

'0 +'421 '0 ,;1 <;1%/,-<*. 0,1< 301( *% .'+.3+',*%2 ,;1 *%&'0*/% !,%100B 8;*0 +1'(0 ,/ '% '((*,*/%'+

6'.,/4 7 *% ,;1 .'%/%*.'+ 1D3',*/% 6/4 (*<+/*(0 :;1% ./5<'41(:*,; ;'<+/*(0 /4 .+/%'+ 41<4/(3.140B

R,;14:*01 ,;1 .'%/%*.'+ 1D3',*/% 6/4 (*<+/*(0 *0 '% 1O'., ./<- /6 ,;1 .'%/%*.'+ 1D3',*/% 6/4 .+/%'+

41<4/(3.140B 8;*0 6'.,/4 7 '<<1'40 *% 64/%, /6 ,;153,',*/%'+ ./&'4*'%.15',4*OB @/9 '++ ,;', ;'<<1%0

./5<'41( :*,; ,;1 .+/%'+ .'01 *0 ,;', ,;1 53,',*/%'+ ./&'4*'%.1 5',4*O *0 1661.,*&1+- 41<+'.1( )- '

5',4*O ,;', *0 ,:*.1 '0 +'421B 8;1416/419 L1*5'4S0 E+B..) 4103+,0 '<<+- 1D3'++- ,/ ,;1 .+/%'+ '%( ,;1

0,'%('4( T1%(1+*'% .'01B $% ;'<+/C(*<+/*(09 ,;1 6'.,/4 7 ./510 *% 6/4 ,;1 (*<+/*( 01O9 )3, %/, 6/4

,;1 ;'<+/*( /%1B 8;1416/419 ,;*0 6'.,/4 .'%%/, )1 ')0/4)1( *% ,;1 53,',*/%'+ ./&'4*'%.1 5',4*OB

R%+- :;1% ,;1 53,',*/%'+ 0,1<0 /6 ,;1 ,:/ 01O10 '41 63++- 3%./441+',1(9 ,;1 *6 <'4,9 )3, %/, ,;1

/%+- *6 <'4,9 /6 ,;1 L1*5'4 ,;1/415 '<<+*10 :*,;/3, 634,;14 '(/B

8;1 0*,3',*/% 6/4 53,3'+ *%&'(')*+*,- *0 0*5*+'4 ,/ ,;', 6/4 0,4/%2 ./%&1421%.1B

$% ,;19 ', !40, 0*2;, 5'-)1 ',,4'.,*&1 )3, /% 01./%( ,;/32;, 4',;14 ./%,4*&1(9 .'01 ,;', Xm =
G(X6)9

Q(Y6 , Y5|X6) = !

7
[f6(Y6 |X6) + f5(Y6 |X6)m(Y5|X6)] − !,

:*,; Y5 = G(X′
6)9X

′
6 ,;1 ,4'*, &'+31 /6 ,;1 '((*,*/%'+ ;/5/P-2/,1 ./4410</%(*%2 ,/ ,;1 ;1,14/P-C

2/,1 Y6 '%( ;/5/P-2/,1 X6 B E$% ;'<+/C(*<+/*( 0<1.*109 ,;1 (1&1+/<51%,'+ 0-0,150 /6 ,;1 5'+10

'%( 615'+10 '41 )/3%( ,/ )1 1&1% 5/41 (*66141%, ,;'% *% (*<+/*(0 '0 ,;1- 0,'4, 64/5 (*66141%,

./5<+151%,0 /6 21%10BK $6 ,;141 '41 %/ <'41%,'+ 1661.,0 /% 21%1 1O<4100*/%9 6/4 05'++ 53,',*/%'+

0,1<0 X′
6 = X6 + 7(Y6 − X6) + /(‖Y6 − X6‖) '%( ;1%.1

Y5 − X5 = 7
(G

(X
(X6)(Y6 − X6) + /(‖Y6 − X6‖).

8;1416/419 ,;1 1D3',*/% 6/4 ,;1 1&/+3,*/%'4*+- 0*%23+'4 0,4',12*10 )1./510

∂f6

∂Y6
(X6 |X6) + r−! ∂f5

∂Y6
(X6 |X6) + r

∂m

∂Y5
(X5|X6)7

(G

(X6

(X6) = =.

8;1*4 *%&'(')*+*,- .'% )1 (1,145*%1( 64/5 ,;1 .4*,14*' 2*&1% *% @1.,*/% M9 30*%2 ,;1 01./%( (14*&'C

,*&10 /6 Q(Y6 , Y5|X6) 6/4 Y6 '%( X6 .'+.3+',1( '0 *6 (Y5/(Y6 = 7[(G/(X](X)B $% &*1: /6 ,;1

./%,4*&1(%100 /6 ,;1 '0035<,*/% Xm = G(X6)9 :1 4164'*% 64/5 2*&*%2 ,;1 +/%2 '%( 32+- 1O<+*.*,

6/453+'B
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!" #$%& %'()* ++, +-.$%/0- 01 $ 2&-&'/3 )/40567/%4 8* &/'7&5 $ )/11&5&-' $99&9& 05 $

40)/!&5 (-)&5 :$5)*;<&/-8&52 30-)/'/0-%

$% &'() *%+ &', %,-& ),.&(/%0 1, )'*22 ./%)(+,3 &', ,4/25&(/% /6 * +(7/38'()7 /% * 2/.5) .*22,+A9 $%

*:3,,7,%& 1(&' &', (782(.(& 83*.&(., /6 8/852*&(/% :,%,&(.*2 7/+,22,3)0 1, *))57, &', %/%;6/.*2

2/.( &/ <, ,(&',3 1(&'/5& 8',%/&=8(. ,66,.&) /3 7/%/7/38'(.0 *& 2,*)& (% &', 3,)(+,%& 8/852*&(/%9

>', +(7/38'()7 7*= ,4/24, <= ,(&',3 &', )5<)&(&5&(/% /6 *2&,3%*&(4, *22,2,) /% &', 6/.*2 2/.5) /3

<= )5<)&(&5&(/%) /% /&',3 2/.(0 3,6,33,+ &/ *) 7/+(!,3) *%+ :,%,3(.*22= .*22,+ B9 ?22 (%+(4(+5*2)

*3, *))57,+ &/ <, </3% ,@5*2 <5& 6/3 :,%,&(. +(66,3,%.,)0 *%+ &/ <, 6/37,+ <= 3*%+/7 7*&(%:9

A&',31(), &',3, *3, %/ 3,)&3(.&(/%) /% &', 8'=)(/2/:(.*2 )&35.&53,9 $% &'() ),.&(/%01, )'*227/3,/4,3

&*B, /% </*3+ /%, 653&',3 )&*%+*3+ *))578&(/% /6 8/852*&(/% :,%,&(.)C &', %57<,3) /6 7*.3/; *%+

7(.3/;:*7,&,) &'*& ,%+ 58 (% D=:/&,) *3, *& *22 &(7,) 83/8/3&(/%*2 E(9,90 6/3 *22 :,%/&=8,) *%+ ';

)&*&,)F9 >'() *))578&(/% () 5)5*22= ,%./5%&,3,+ (% (&) ,@5(4*2,%& 6/37 *) &', *))578&(/% &'*& 5%+,3

3*%+/7 5%(/% /6 :*7,&,) %,12= 6/37,+ D=:/&,) /..53 (% G*3+=HI,(%<,3: 83/8/3&(/%)9 E?.&5*22=0

*) 1, )'*22 /%2= ./%)(+,3 ,@5(2(<3(* *%+ &',(3 (%4*+*<(2(&=0 (& )56!.,) &/ *))57, 83/8/3&(/%*2(&= /6

&', 2(6,&(7, ,66,.&(4, 7(.3/; *%+ 7*.3/;:*7,&(. /5&85&)9F

I',% 1, ./%)(+,3 *22,2(. ,4/25&(/%0 &', (%+(4(+5*2) E(9,90 /<J,.&) &/ &', &=8, /6 1'(.' 1, *))(:%

!&%,)),)F &/ ./%)(+,3 *3, &', :,%, ./8(,)9 >',(3 ';)&*&, ./%)()&) /6 &', ';)&*&, /6 &',(3 .*33(,3

&/:,&',3 1(&' &', &=8, /6 &', /&',3 *22,2, 1(&' 1'/7 &',= )'*3, &'() .*33(,30 1'(.' 7*= <, a /3 A9

$% &', .*), /6 7/+(!,3 ,4/25&(/%0 &', (%+(4(+5*2) ./33,)8/%+ &/ &', 5)5*2 <(/2/:(.*2 /%,)0 <5& %/1

1(&' *) *++(&(/%*2 <(3&' )&*&, ./78/%,%& &', :,%/&=8, /% &', A;2/.5)9

K/&*&(/%C

*22,2,) /% &', +(7/38'(. 2/.5)C A, a E3,)(+,%&)F0 α E75&*%&F0
3,)(+,%& *22,2, /% * 7/+(!,3 2/.5)C b E:,%,3*22= )5883,)),+ (% &', %/&*&(/%F0
75&*%& *22,2, /% * 7/+(!,3 2/.5)C BL
3,)(+,%& &3*(& 4,.&/3)C Xaa ≡ Xaabb, XAA ≡ XAAbb

XaA = XAa ≡ XaAbb = XAabb,
75&*%& ',&,3/D=:/&, &3*(& 4,.&/3)C Y = Xaα, XAα, XaaB, XaAB, XAAB, 1(&'

XaaB := XaabB, XaAB := XaAbB, XAAB := XAAbB L

3,2*&(4, 63,@5,%.= /6 '*82/&=8,)C pa 0 pA E3,)(+,%&)L +,8,%+ /% Xaa, XaA, XAA)0
pα 0 paB 0 pAB E75&*%&)FL

2(6,&(7, /66)83(%: %57<,3)C Mw(Y |Xaa, XaA, XAA)
1(&' )8,.(!. .*),) *<<3,4(*&,+ *) waα := w(Xaα|Xaa, XaA, XAA)0

waaB := w(XaaB |Xaa, XaA, XAA), ,&.9L
3,./7<(%*&(/% 83/<*<(2(&= /6 ?NC c0 1(&' # ≤ c ≤ !

M
9

$& () 8/))(<2, &/ +,4,2/8 * ./%)()&,%& 8/852*&(/% +=%*7(.*2 6/37*2()7 <*),+ /% &', 7,%&*2 ./%;

)&35.&(/% /6 E:,%,3*2(D,+F (%+(4(+5*2) +,).3(<,+ (% &', (%&3/+5.&(/% OMPQ9 G/1,4,30 1',% :,%,&(.

+(66,3,%&(*&(/% () (%4/24,+0 (& () 5)5*22= 6*3 ,*)(,3 &/ 5), &', )&*%+*3+ 8/852*&(/% :,%,&(.*2 6/3;

7*2()7 *) &'() 7/3, ,66,.&(4,2= ,-82/(&) &', )=77,&3= (%',3,%& (% R,%+,2S) 2*1)9 ?6&,3 1/3B(%:

/5& &', 3,2,4*%& 2(%,*3(D*&(/%) /%, ,%+) 58 1(&' ,-*.&2= &', )*7, 6/3752*) *) 6/3 &', 8/852*&(/%

+=%*7(.*2 6/37*2()79

>', 2(%,*3(D,+ :,%,3*&(/% +=%*7(.) /6 &', :,%, 63,@5,%.= /6 * 75&*%& (% /%, /6 &', *22,2,)

./%)&(&5&(%: &', 8/2=7/38'()7 ()

p′
α = =αpα = w•αpα 1(&' w•α := pawaα + pAwAα.

$% 8/852*&(/% :,%,&(.)0 w•α () B%/1% *) &', 7*3:(%*2 !&%,)) /6 &', a;*22,2,9 G,%.,0

R#,α

((
Xaα

XAα

)∣∣∣∣

(
Xaa

XaA

)
,

(
XAa

XAA

))
= w•α,

!
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#$%&% '$% ()&* )( '$% ()&*+,- .&/012 )+' '$-' '$% 3$%0)'43% %01%05%&%5 .4 -0 -,,%,% 6)02/2'2 )(

'#) 6)*3)0%0'27 %83&%22/01 '$% 5%3%05%06% )0 '$% '#) /0'&-9/05/:/5+-, %0:/&)0*%0'2 '$-' /' *-4

%06)+0'%&;

<$% ,/0%-&/=%5 1%0%&-'/)0 540-*/62 )( '$% 1%0% (&%>+%064 )( - *+'-0' )0 - *)5/!%& ,)6+2 /2

p′
aB = waaBpapaB + waAB(!− c)pApaB + waABcpapAB,

p′
AB = wAABpApAB + waAB(!− c)papAB + waABcpApaB.

<$/2 6-0 .% &%#&/''%0 /0 :%6')&9*-'&/8 ()&* -2

(
paB

pAB

)′
=!B

(
paB

pAB

)
#/'$ !B =!B,2%, + c!B,&%6=

(
w•aB ?

? w•AB

)
+c

(−waAB

waAB

)
(pA − pa)

-05

w•aB = pawaaB + pAwaAB, w•AB = pawaAB + pAwAAB.

@A,%-2% 0)'% '$-' ()&*+,-2 @BBC -05 @BDC /0 E%'= FG"H -&% #&)01 -05 $-:% ') .% &%3,-6%5 #/'$ '$%

)0%2 -.):%;C I%06%

QB



c,




XaaB

XaAB

XAAB





∣∣∣∣∣∣




Xaa

XaA

XAA







 = −(w•aB − !)(w•AB − !) + cwaAB(paw•aB + pAw•AB − !)

#$%&% '$% ()&* )( '$% ()&*+,- .&/012 )+' '$-' - *+'-0' *)5/!%& -,,%,% /2 6$-&-6'%&/=%5 .4 - 3$%9

0)'43% '$-' 6)02/2'2 )( '$&%% 6)*3)0%0'2 %83&%22/01 '$% 5%3%05%06% )0 '$% '$&%% /0'&-9/05/:/5+-,

%0:/&)0*%0'2 '$-' /' *-4 %06)+0'%& -2 #%,, -2 '$% &%6)*./0-'/)0 (&-6'/)0 .%'#%%0 /'2 -05 '$% ()6-,

,)6+2;

J 5/*)&3$/2* /2 %:),+'/)0-&/,4 2'%-54 /( /' /2 +0/0:-5-.,% .4 .)'$ -,'%&0-'/:% -,,%,%2 -05 *)59

/!%&2; <$% !&2' 6-0 .% K+51%5 (&)* #$%'$%& w•α < ! ()& -,, 3)22/.,% :-,+%2 )( Xaα -05 XAα 7 '$%

2%6)05 (&)* QB ; L/&2' 6)02/5%& '$% 6-2% #$%&% c = ?; <$/2 6-2% /2 2/*/,-& ') '$-' )( /0:-2/)0

-''%*3'2 .4 -,'%&0-'/:% -,,%,%27 .+' 3)22/.,4 ()& - 5/((%&%06% /0 '$% 2%' )( -66%22/.,% 3$%0)'43%2;

I%06% /( .)'$ w•aB < ! -05 w•AB < !7 '$% 5/*)&3$/2* /2 +0/0:-5-.,% .4 *)5/!%&2 #/'$ c = ?;

J 6,)2%& ,))M -' '$% ()&*+,- ()& QB 2$)#2 '$-' /0 '$-' 6-2% QB /2 -,2) 0%1-'/:% #$-'%:%& '$%

:-,+% )( c; N) w•aB < ! -05 w•AB < ! ()& -,, 3)22/.,% *)5/!%&2 /2 - 2+(!6/%0' 6)05/'/)0 ()& -

5/*)&3$/2* ') .% 1,).-,,4 +0/0:-5-.,%; O/'$)+' -04 6)02'&-/0' )0 '$% 1%0%'/6 -&6$/'%6'+&%7 '$/2

6)05/'/)0 #/'$ '$% 2'&/6' /0%>+-,/'4 2/102 &%3,-6%5 #/'$ '$%/& 0)092'&/6' 6)+0'%&3-&'2 /2 -,2) 0%6%29

2-&4; E)&% 3&%6/2%,47 /( '$% 1%0%'/6 -05 5%:%,)3*%0'-, -&6$/'%6'+&% -,,)#2 ()& -,,%,%2 )& *)5/!%&2

()& #$/6$ w•aB > ! )& w•AB > !7 -057 /0 '$% 23%6/-, 6-2% '$-' '$%&% $-33%0 ') .% 0) 2+6$ -,,%,%2

-05 '$%&% )0,4 %8/2' 2+6$ *)5/!%&2 ()& #$/6$ paw•aB + pAw•AB < !7 -' ,%-2' )0% )( '$%2% /2

2+(!6/%0',4 6,)2%,4 ,/0M%5 ') '$% ()6-, ,)6+27 '$%0 '$% 5/*)&3$/2* /2 /0:-5-.,%;

12/&$3 E)5/!%&2 %0'%&/01 1%0%'/6 5/*)&3$/2*2 3&%2%0' -0 /0'%&%2'/01 2+.',%'4 #/'$ &%23%6'

') '$% +2% )( Q '$-' /0 )'$%& 6,-22%2 )( 3&).,%*2 '%052 ') .% 0)091%0%&/6; P0 '$% 23%6/-, 6-2%

#$%&% c = ?7 '$% 0%8'91%0%&-'/)0 *-'&/8 )( '$% &%2/5%0' $-2 *)&% '$-0 )0% %/1%0:-,+% %>+-, ')

!; P0 L/1+&% "7 '$% &%2/5%0'2 -&% ,)6-'%5 -' '$% 3)/0' ('&-6%7 5%') = (G, !) 6)00%6'/01 '$% 2'-.,%

&%1/)0 #/'$ '$% '&)+.,%2)*% &%1/)0 #$%&% .)'$ =%&) 6&)22/012 )( '$% 6$-&-6'%&/2'/6 3),40)*/-,

-&% ,-&1%& '$-0 !; I%06%7 '$% !&2' -,'%&0-'/:% )( 6)05/'/)0 @/:C /0 '$% '$%)&%* /0 N%6'/)0 D 5)%2

0)' $),5 '&+%7 -05 /' /2 3)22/.,% ()& '$% '&-/' :%6')& Y )( - 3-/& )( 32%+5)9-,,%,%2 @&)7 4)C ') *):%

-#-4 (&)* '$% &%2/5%0' :-,+% X 5/&%6',4 /0') '$% '&)+.,%2)*% &%1/)0; I)#%:%&7 /( .)'$ w•aB < !

-05w•AB < ! ()& -,, 3)22/.,% *)5/!%&27 '$% 2%6)05 -,'%&0-'/:% )( 6)05/'/)0 @/:C /0 '$% '$%)&%* /0

N%6'/)0 D $),52 '&+%; E)&%):%&7QB(c, Y |X) < ? ()& -,, *)5/!%&2; Q0 '$% )'$%& $-057 /( '$%&% -&%
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$%&'!()* *+,- .-/. ('.-()w•aB > ! %)w•AB > ! .-(0QB(c, Y |X) > 1 '2paw•aB + pAw•AB > !

%) .-( A /0& B 3%,' /)( *+2!,'(0.34 *.)%0534 3'06(&7 8'0/3349 ,%0*'&() $%&'!()* *+,- .-/. :%.-

w•aB > ! /0&w•AB > !; 2%) <()4 *$/33 c .-(*( $%&'!()* ,%))(*=%0& .% </3+(* %2 .)/,( /0& &(. '0

.-( .)%+:3(*%$( )(5'%0 >-()( :%.- ?()% ,)%**'05* %2 .-( ,-/)/,.()'*.', =%340%$'/3 /)( 3/)5() .-/0

%0(7 @0 .-/. )(5'%0QB '* 0(5/.'<( /0& 4(. .-( =%34$%)=-'*$ '* '0</&/:3(7 A-( 3/..() )(*+3. (B.(0&*

.% 3/)5() c /* .-(0 ! < paw•aB + pAw•AB < R1 < $/B{w•aB, w•AB}7 A% =)%<( .-(*( '0(C+/3'.'(*
&'22()(0.'/.( .-)%+5- .-( ,-/)/,.()'*.', (C+/.'%0

−(w•aB − R1)(w•AB − R1) + cwaAB(paw•aB + pAw•AB − R1) = 1

2%) c /0& *%3<( 2%) &R1/&c .% /))'<( /.

&R1

&c
= −waAB(paw•aB + pAw•AB − R1)

w•aB + w•AB − cwaAB − #R1
,

>-',- *-%+3& :( ,%$:'0(&>'.-R1 = $/B{w•aB, w•AB} /. c = 17A-( &(0%$'0/.%) '* 0(5/.'<( 2%)

c <()4 *$/33 /0& ,/00%. =/** .-)%+5- ?()% 2%) 1< c < ! *'0,(w•aB + w•AB − cwaAB − #R1 = 1

>%+3& '$=34 .-/. .-( .>% )%%.* %2 .-( ,-/)/,.()'*.', =%340%$'/3 ,%'0,'&(9 >-',- '* '$=%**':3(

*'0,( 2%) 1 < c < ! .-( $/.)'B!B '* 0%0D0(5/.'<( /0& '))(&+,':3(7 E(0,( .-(9 ,%0.'0+%+*9 )'5-.D

-/0& *'&( '* 0(5/.'<( 2%) paw•aB + pAw•AB < R1 < $/B{w•aB, w•AB} /0& ?()% >-(0 R1 =
paw•aB + pAw•AB 7 A-()(2%)(9 R1 &(,)(/*(* >'.- c /0& ,/00%. =/** :(3%> paw•aB + pAw•AB 7

A-( 0(B. *.(= '* .% &()'<( /0 (C+/.'%0 2%) -+0.'05 &%>0 =)%*=(,.'<( FGH*7 A% .-'* (0&9 '. -(3=*

!)*. .% 3%%6 /. .-( =%=+3/.'%0 &40/$',/3 /0& 5(0(.',/3 (C+'3':)'+$ (C+/.'%0* IJ9!#K;

w̄(Xaa, XaA, XAA) = ! >'.- w̄ := p#awaa + #papAwaA + p#AwAA,

)(*=(,.'<(34

pAwAA + (!− pA)waA = w̄, %) (C+'</3(0.34 pawaa + (!− pa)waA = w̄.

E(0,( /. .-( *.(= >-()( .-( '0</&()* /)( *(. (C+/3 .% .-( )(*'&(0. %0( $/4 *+:*.'.+.(w•α = w•a =
!9 w•α = w•A = !9 w•aB = w•a = ! /0& w•AB = w•A = !7 LM2 ,%+)*(9 .-'* )(*+3. /3*% 2%33%>*

'$$(&'/.(34 2)%$ .-( 2/,. .-/. R1 %2 .-( )(*'&(0. /33(3(* *-%+3& :( !7N

8')*. ,%0*'&() .-( $%&'!() (<%3+.'%0 ,/*(7 O)%*=(,.'<( FGH* ,/0 :( &(.()$'0(& 2)%$

∂QB

∂




XaaB

XaAB

XAAB







c,




Xaa

XaA

XAA





∣∣∣∣∣∣




Xaa

XaA

XAA









= cwaA

(
pa

∂w

∂Y
(Xaa |Xaa,XaA,XAA),

∂w

∂Y
(XaA|Xaa,XaA,XAA),pA

∂w

∂Y
(XAA|Xaa,XaA,XAA)

)
= 1,

%) (C+'</3(0.349

∂w

∂Y
(Xaa|Xaa, XaA, XAA) = ∂w

∂Y
(XaA|Xaa, XaA, XAA) = ∂w

∂Y
(XAA|Xaa, XaA, XAA) = 1,
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$%&'( )*+,) -.'./,0,1')'$2 3(*4 5%&$%&(

∂6QB

∂




XaaB

XaAB

XAAB



 ∂




XaaB

XaAB

XAAB




7



c,




Xaa

XaA

XAA





∣∣∣∣∣∣




Xaa

XaA

XAA









= cwaA





pa
∂6w

∂∂Y ∂Y 7
(XaaB |Xaa,XaA,XaA) 8 8

8
∂6w

∂Y ∂Y 7
(XaAB |Xaa,XaA,XaA) 8

8 8 pA
∂6w

∂Y ∂Y 7
(XAAB |Xaa,XaA,XaA)





*( &9-'/,)&.$)2:

∂6w

∂∂Y ∂Y 7
(XaaB |Xaa, XaA, XaA),

∂6w

∂Y ∂Y 7
(XaAB |Xaa, XaA, XaA) ,.0

∂6w

∂Y ∂Y 7
(XAAB |Xaa, XaA, XaA)

,(& .&;,$'/& 0&!.'$&< =>>,(&.$)2 ,$ 4*0'!&( &/*)-$'*.?1,@&0 ABC@: &,+% +*4>('@'.; $2>& %,@

)*+,))2 $%& 4,D'4,) )'3&$'4& (&>(*0-+$'/& *-$>-$ $%,$ '@ >*@@'1)& -.0&( $%& +'(+-4@$,.+&@< E*(&?

*/&(: $%& +*.0'$'*.@ @,$'@!&0 12 , 4*0'!&( &/*)-$'*.?1,@&0 )*+,) ABC 4,F& $%,$ )*+,))2 ,)@* .*

,)$&(.,$'/& ,))&)&@ +,. './,0&<

C&('/'.; $%& ),$$&( (&@-)$@ 12 0'33&(&.$',$'.;

R8 = $(,+&+
√
$(,+&6 − G 0&$

6
(!B)

4,2 1& >*@@'1)&: 1-$ '@ .*$ '44&0',$&)2 $('/',)<

H3 3*( &,+% *3 $%& $2>&@ $%& 4,D'4-4 *3 $%& )'3&$'4& (&>(*0-+$'/& *-$>-$ '@ ;)*1,) *. $%& $(,'$

@>,+& 4'.-@ $%& $5* *$%&( $2>&@: $%& ABC '@ ,)@* ;)*1,)< H. $%,$ +,@&: .&+&@@,(')2 ,)) $%& 4,D'4,

,(& &9-,): ,.0 %&.+&wAA = waA = wAA = !< B-+% !$.&@@ &9-,)'I'.; &/*)-$'*.,(')2 @$,1)& >*)2?

4*(>%'@4@ ,(& F.*5. '. $%& )'$&(,$-(& ,@ '0&,) 3(&& J#K< 7%& (&,@*. 3*( $%'@ .,4& '@ $%& 3*))*5'.;<

L&$ X 0&.*$& $%& @>,+& *3 ,)) >*@@'1)& $(,'$ /&+$*(@ $%,$ 4,2 @*4&%*5 1& ;&.&$'+,))2 (&,)'I&0<

7%& '0&,)?3(&& %2>*$%&@'@ @,2@ $%,$ 3(*4 ,.2 (Xaa : XaA: XAA) $%& @->>*($ *3 $%& 0'@$('1-$'*.

*3 , 4-$,.$ $('>)& (XaaB : XaAB : XAAB) &9-,)@ X#< MN&.+& -.0&( $%& '0&,)?3(&& %2>*$%&@'@: $%&

0'@+-@@'*. '@ '4>)'+'$)2 +*.!.&0 $* ;)*1,) ABC@<O

Proposition 1%23$ 453 *23&'6($33 5.7"4530*08 &%. 9:- 3;#&'*<30 453 '*(34*/3 "((07$*%+ %#/=3$0

"( 453 45$33 753%"4.730>

?$""( B->>*@& $%,$ $%& ,/&(,;& &33&+$'/& )'3&$'4& *33@>('.; .-41&(@ 5&(& .*$ &9-,)'I&0< H.

$%,$ +,@&: , 4*0'!&( 4-$,.$ $%,$ ,@ , %&$&(*I2;*$& %,@ , >%&.*$2>& &9-,) $* $%,$ *3 $%& (&@'?

0&.$ ;&.*$2>& 5'$% $%& 4,D'4,) &33&+$'/& )'3&$'4& *33@>('.; .-41&(: +,. ,+$ ,@ , >%&.*$2>'+,))2

4*.*4*(>%'+ './,0&( 5'$% R8 = 4,D{waa, waA, wAA} > ! M$%& ),$$&( @'.+& .*$ ,)) w@ ,(& &9-,)

,.0 w̄ = !)< #

7%& '0&,)?3(&& %2>*$%&@'@ +,. 1& "*-$&0 '. $5* 4,..&(@< P.& '@ 12 )*+,) +*.@$(,'.$@: '<&<: $%&

>*@@'1)& 4-$,$'*.,) @$&>@ 0&>&.0 *. $%& @$,($'.; >*@'$'*.: &<;< @'.+& ),(;& @$&>@ ,(& 3*(1'00&.< 7%&
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$%&'( )* +, -.$+/. -'0'%)1 1$0*%(/)0%*2 )3'32 %&' *'% $4 5&'0$%,5'* /1&)'6/+.' +, &'%'($7,-$%'* )*

./(-'( %&/0 %&/% /1&)'6/+.' +, &$8$7,-$%'*3 9)1:.' 1'.. /0/'8)/ *%/0;* /* /0 '</85.'3 =($8 /

8/%&'8/%)1/. 5'(*5'1%)6'2 %&)* /0; $%&'( *$(%* $4 -.$+/. 1$0*%(/)0%* ;'()6' 4($8 %&' *%(>1%>(' $4

%&' -'0$%,5' %$ 5&'0$%,5' 8/5?

( : (X@! , X@A; . . . ; XB! , XBA; . . .) .→ X@!@A···B!BA··· C()%%'0 /* X@!@AB!BA 4$( *&$(%,

C)%& @i = a, A2 Bi = b, B2 /0; Xa 2 XA2 Xb2 XB 6'1%$(* $4 /..'.)1 %(/)%*3

0%.(/1 B)$.$-)1/.., ,$> 8/, %&)0: $4 %&'*' /..'.)1 %(/)%* /* 1$(('*5$0;)0- %$2 4$( '</85.'2 %&'

-'0' '<5('**)$0 .'6'.* >0;'( 6/()$>* 8)1($D'06)($08'0%/. 1)(1>8*%/01'* /0;E$( /% 6/()$>* %)8'*

)0 %&' .)4' 1,1.' /0;E$( )0 6/()$>* 5/(%* $4 %&' +$;,2 C)%& /..'.'* 1$(('*5$0;)0- 0$% *$ 8>1& %$

;)44'('0% 6/()/0%* $4 %&' 1$;)0- /* C'.. /* $4 %&' ('->./%$(, ('-)$0* $4 %&' -'0'3 F0 %&)* 6)'C2

/..'.'* /(' 8$(' '<%'0*)6' *%('%1&'* $4 GH@ %&/0 I>*% %&' 1$;)0- ('-)$0*J 8/%&'8/%)1/.., /..'.'*

/0; 8$;)!'(* ;)44'( +, %&' 4/1% %&/% 4$( /..'.'* %&' 5($+/+).)%, $4 / ('1$8+)0/%)$0 C)%&)0 %&' /..'.'

;>()0- / *>+*%)%>%)$0 (>0 )* 0'-.'1%';2 C&'('/* +'%C''0 /..'.'* /0;8$;)!'(* *>1& ('1$8+)0/%)$0*

/(' /**>8'; %$ +' ('./%)6'., 4('K>'0%3

@* /0 /*);'2 C' 8'0%)$0 %&/% )0 %&' -'0'(/. 1/*' 5&'0$%,5'* /.*$ /(' 0$% C&/% $0' 8/, 0/L6'.,

'<5'1%3 F0 :''5)0- C)%& %&' -'0'(/. '1$.$-)1/. 6)'C %&/% /.*$ 4$(8'; %&' +/*)* 4$( %&' '1$.$-)1/.

;'!0)%)$0 $4 !%0'**2 5&'0$%,5'* *&$>.; )0 5()01)5.' +' )0%'(5('%'; /* ('/1%)$0 0$(8* M/0$%&'(

%'(8 )* 1$0;)%)$0/. *%(/%'-)'*N2 )3'32 8/5* 4($8 M8)1($DN'06)($08'0%/. 1$0;)%)$0* %$ 5&'0$%,5'*

)0 %&' 0/L6' *'0*'2 )3'32 1&/(/1%'()*%)1* $4 )0;)6);>/.*3 O&'*' ('/1%)$0 0$(8* *>55$*';., 1$8' /*

4/8).)'* C)%& %&' 5&'0$%,5)1 %(/)%* /* );'0%)4,)0- 5/(/8'%'(*3 F% )* $0., )0 %&' *)85.'*% 1/*'* %&/%

%&'*' ('/1%)$0 0$(8* /(' ;'-'0'(/%'2 %/:)0- $0., / *)0-.' 6/.>'2 C&)1& C' %&'0 8/, >*' /* %&'

5&'0$%,5)1 %(/)%2 *$ %&/% %&' -'0'(/. /+*%(/1% /0; 0/L6' *'0*' 5&'0$%,5'* 1$)01);'3

@% %&)* 8$8'0% %&'(' )* 0$ *,*%'8/%)1 %&'$(, 1./**)4,)0- -'0$%,5' %$ 5&'0$%,5' 8/5* )0 6)'C

$4 %&')( '6$.>%)$0/(, 1$0*'K>'01'*3 O/0%/.)7)0- -.)85*'* $4 C&/% *>1& / %&'$(, 8)-&% ;$ 8/, +'

*''0 )0 %&' C$(: $4 P)1' QRST#AU /0; +, 6/()$>* 5'$5.' /($>0; V/-0'( Q!2A2!"2!W2A!2X!U3 Y$*%

('*'/(1& *$ 4/( 1$0*);'(* ')%&'( K>/0%)%/%)6' -'0'%)1* $( %&' ;,0/8)1* $4 -'0' 4('K>'01)'*2 C)%&

+>% .)%%.' 1$00'1%)$0 %$ Z99 %&'$(, M4$( %&' 8$*% 0$%/+.' '<1'5%)$02 *'' Q#ST#WUN3

O&' 1./**)!1/%)$0$4 %&' )0%'(5./, +'%C''0 /..'.)1 /0;8$;)!'( '6$.>%)$0C&'0 %&'(' /(' ;'6'.$5D

8'0%/. $( -'0'%)1 1$0*%(/)0%* ('K>)('* / *>4!1)'0%., -'0'(/. 4(/8'C$(: 4$( ;'/.)0- C)%& -'0$%,5'

%$ 5&'0$%,5' 8/5*3 =$( ./1: $4 *>1& / 4(/8'C$(:2 C' 1$0!0' $>(*'.6'* %$ %&' *5'1)/. 1/*' $4

1/.1>./%)0- Z9G* C&'0 $0., /..'.'* '6$.6' C)%&$>% /0, )06$.6'8'0% $4 8$;)!'(* M'3-3 *)01'( )*

*>1& %&/% $%&'( .$1) %&/0A &/6' $0., 0'-.)-)+.' )0">'01' $0 %&' %(/)%* >0;'( 1$0*);'(/%)$0N2 *)01'

%&)* 5($+.'8 )* $4 *$8' )0%'('*% )0 )%* $C0 ()-&%2 C'(' )% $0., 4$( %&' 0>8+'( $4 5>+.)1/%)$0* %&/%

8/:' %&)* $( / 6'(, *)8)./( /**>85%)$0 QA#2R#2RX2#S2#"2X[U3

Z9G* ('*>.%)0- 4($8 %&' 1$D'6$.>%)$0 $4 /..'.'* )0 !<'; $( >0)0">'0%)/. -'0'%)1 +/1:-($>0;

1/0 +' 1/.1>./%'; +, *'%%)0- %&' ;'()6/%)6' $4QB

(
c,

(
((Xa,Xα)
((XA,Xα)

)∣∣∣
(

Xaa

XaA

)
,
(

XAa

XAA

) )
4$(Xα 'K>/. %$

[ /% Xα \ Xa /0; Xα = XA2 ('*>.%)0- )0 %&' 'K>/%)$0*

pa

∂w

∂Y
(Xaa|Xaa, XaA, XAA)

∂(

∂Xα

(Xa, Xa) + pA

∂w

∂Y
(XaA|Xaa, XaA, XAA)

∂(

∂Xα

(XA, Xa) = [,

pa

∂w

∂Y
(XaA|Xaa, XaA, XAA)

∂(

∂Xα

(Xa, XA) + pA

∂w

∂Y
(XAA|Xaa, XaA, XAA)

∂(

∂Xα

(XA, XA) = [,
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$%&'%( )* )+$),*( *%-.+/ 01 *-+21/ &3 '-40&3)5&-3 $&5% 5%1 6-6.+)5&-3 /,3)4&')+ )3/ 71315&')+

18.&+&09&.4 18.)5&-3*: ;15 5%1 6%13-5,61* 01 n</&413*&-3)+ )3/ 5%1 )++1+&' 59)&5*m</&413*&-3)+:

=%13 >m < ?n( 71319&')++, 5%1 *-+.5&-3*( &@ 5%1, 1A&*5( )91 &*-+)51/( )3/ 5%1 BCD* @)&+ 5-4)A&4&E1

5%1 +&@15&41 9169-/.'5&21 -.56.5 -@ 5%1 5%911 6)95&'&6)5&37 6%13-5,61* F)91 3-5 G@.++ 4)A&4&E19*HIJ

&3 -5%19 $-9/*( 71319&')++, )3, BCD* )91 '-</15194&31/ 0, 71315&' '-3*59)&35*: =%13 >m ≥ ?n(

@.++,4)A&4&E&37BCD* 01'-41 6-**&0+1:=%13 >m = ?n( )3,BCD* )91 71319&')++, &*-+)51/ &3 5%1

*6)'1 -@ 6)&9* -@ )++1+&' 59)&5 21'5-9*: =%13 >m > ?n( 71319&')++, )3, BCD* )91 @.++ 4)A&4&E19*

)3/ )91 .3/19+)&3 0, ) F>m − ?nI</&413*&-3)+ 4)3&@-+/ -@ 6%13-5,6&')++, 18.&2)+135 6)&9* -@

)++1+&' 59)&5 21'5-9*:

!" #$%& %'()* +++, +-.$%/0- 01 $ 2&-&'/3 )/40567/%4 8* $ )/11&5&-' $99&9& 05 $ 40)/!&5

:7&- '7& '5$/' 4$* )/11&5&-'/$99* $11&3' '7& 4/350; $-) 4$350;2$4&'/3 30-'5/8('/0-% '0

'7& -&<' 2&-&5$'/0-

K31 -@ 5%1 5%&37* 5%)5 $1 01')41 .3'-4@-95)0+, )$)91 -@ $%13 $-9L&37 -3 18.)5&-3* @-9

6%,*&-+-7&')++, *59.'5.91/ 6-6.+)5&-3* $&5% 71315&' /&@@19135&)5&-3 &* 5%)5 &5 &* %)9/ 5- M.*5&@,

5%1 &46+&'&5 )**.465&-3 -@ *5)3/)9/ 6-6.+)5&-3 71315&'* 5%)5 5%1 1A61'51/ +&@15&41 4)'9-< )3/

4&'9-<7)415&' -.56.5* 13/&37 .6 &3 E,7-51* )91 )5 )++ 5&41 69-6-95&-3)+: N)L1( @-9 1A)46+1( )3

-97)3&*4 5%)5 *114&37+, )+4-*5 &/1)++, '-3@-94* 5- 5%1 )**.465&-3* -@ 5%1 '+)**&')+ 6-6.+)5&-3

71315&')+ 4-/1+*( 5- $&5 ) %194)6%9-/&5&' )33.)+ 6+)35: O-*5 71315&' /&@@1913'1* 5%)5 &3!.13'1

'-4615&5&21 )0&+&5, $&++ )+*- -619)51 &3 5%1 *11/ *155&37 6%)*1 $%13 5%1 )35%19* )91 )+91)/, 7-31:

P13'1( 5%1&9 &3!.13'1 -3 5%1 9169-/.'5&21 -.56.5 5%9-.7% 5%1 -2) $&++ /&@@19 @9-4 5%)5 5%9-.7%

6-++13 69-/.'5&-3: N%191@-91( $1 01+&121 &5 5- 01 &46-95)35 5- *613/ 4-91 5%)3 5%1 3-$ '.*5-4<

)9, 1/.')5&-3 )3/ 91*1)9'% 5&41 -3 5%1 *5./, -@ 6-6.+)5&-3 71315&')+ 5--+* 5%)5 /- 3-5 )**.41

69-6-95&-3)+ 1@@1'5&21 4)'9-< )3/ 4&'9-<7)415&' -.56.5*: Q* ) *4)++ '-359&0.5&-3( $1 91'-3*&/19

&3 5%&* *1'5&-3 5%1 69-0+14 591)51/ &3 5%1 6912&-.* *1'5&-3 $&5%-.5 4)L&37 5%1 69-6-95&-3)+&5,

)**.465&-3:

R3 71319)+ 5%1 3-5)5&-3 &3 5%&* *1'5&-3 &* 5%1 *)41 )* &3 5%1 6912&-.* -31 0.5 @-9 5%1 '%)371*

&3/&')51/ 01+-$:

S-5)5&-3

91+)5&21 @918.13', -@ %)6+-5,61*T p F4&'9-<7)4151*I( q F4)'9-<7)4151*IJ
)219)71 +&@15&41 4&'9-<7)415&' -.56.5 mAα := m(Xaα|Xaa, XaA, XAA), 15':J
5%)5 13/* .6 &3 E,7-51*T

)219)71 +&@15&41 4)'9-<7)415&' -.56.5 fAα := f (XAα|Xaa, XaA, XAA), 15':
5%)5 13/* .6 &3 E,7-51*T

N%1 )++1+&' &32)*&-3 9169-/.'5&-3 9)5&- 18.)+* 5%1 /-4&3)35 1&7132)+.1 -@ 5%1 31A5<71319)5&-3

4)59&A

=α = !

>

(
maαqa + mAαqA maαpa + mAαpA

faαqa + fAαqA faαpa + fAαpA

)
.

N- *11 5%&*( -0*1921 5%)5 5%1 31A5 71319)5&-3 -@ *.''1**@.+ α<4&'9-<7)4151* &* 69-/.'1/ 0, 5%1 αa

)3/ αA &3/&2&/.)+*: K219 5%1&9 +&@15&41( 5%1*1 69-/.'1 maα ( 91*61'5&21+,( mAα *.''1**@.+ 4&'9-<

7)4151*( %)+@ -@ $%&'% )91 -@ 5%1 α 5,61: N%1 &3/&2&/.)+* 5%14*1+21* ')41 )0-.5 5%9-.7% 5%1

'-40&3)5&-3-@ )3α<4&'9-<7)4151$&5% 1&5%19 )3a< -9A<4)'9-<7)4151( 7&2&37 5%1 .6619 +1@5 '-4<

6-3135 -@ =α ( -9 5%9-.7% 5%1 '-40&3)5&-3 -@ )3 α<4)'9-<7)4151 $&5% )3 a< -9 A<4&'9-<7)4151(
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!"# !"#"!" $%&' ()* +" ,%-.(/

$%&%'$ ()* +,,*- -%$)( ./0,/'*'( /1 !α 2 3)* 4(/-5 1/- ()* 6/7*- ./0,/'*'(4 /1 !α %4 ()* 480*

*9.*,( ()8( 7* '/7 )8&* (/ ./'4%:*- 4+..*441+6 08.-/;$80*(*42

<-/0 !α 7* .86.+68(* ()* 866*6%. %'&84%/' !('*44 ,-/95

Qα

((
Xaα

XAα

)∣∣∣∣

(
Xaa

XaA

)
,

(
XAa

XAA

))
= − :*(("− !α)

= !

=
(pafaα + pAfAα + qamaα + qAmAα)

− !

>
(paqA − pAqa)(faαmAα − fAαmaα) − !.

?3/ @**, ()* *9,-*44%/' 1/-Qα 4500*(-%. %' a 8': AA 7* )8&* -*1-8%'*: 1-/0 +4%'$ ()8( paqA −
pAqa = pa − qa = qA − pA2B

3)* 0/:%!*- %'&84%/' -*,-/:+.(%/' -8(%/ *C+864 ()* :/0%'8'( *%$*'&86+* /1 ()* '*9(;$*'*-8(%/'

08(-%9

!B = !B,4*6 + c!B,-*.

7%()

!B,4*6 =
(
!aB D

D !AB

)

7%()!aB 8':!AB ()* *C+%&86*'(4 /1!α 1/- ()* ,4*+:/;866*6* α = aBA -*4,*.(%&*65A α = ABA 8':

!B,-*. = !

=





−maAB

−faAB

maAB

faAB



 (qA pA −qa −pa).

!B,4*6 %4 :*-%&*: E5 /E4*-&%'$ ()8( 7%()/+( -*./0E%'8(%/' ()* (0 8': #0 $80*(%. (5,*4 -*,-/:+.*

%':*,*':*'(65 ?()8'@4 (/ ()* 4*&*-* :%6+(%/' /1 ()* 0+(8'( ,/,+68(%/'B %' 8 08''*- 4%0%68- (/ 8

'*7 866*6*2 F*./0E%'8(%/' /..+-4 %' ()* G5$/(*42 H( /'65 )84 8' *11*.( 7)*' B -*4%:*4 %' 8 G5$/(*

()8( %4 )*(*-/G5$/+4 /' ()*A;6/.+42 I/A 7* /'65 )8&* (/ 4** )/7 ()* /114,-%'$ /1 4+.) %':%&%:+864

8-* 811*.(*:2 J*'.*A /'65maAB 8': faAB /..+- %'!B,-*.2K -*./0E%'8(%/' *&*'( .)8'$*4 4/0* (0

$80*(*4 (/ #0 $80*(*4 8': &%.* &*-48 &%8 8' *9.)8'$* 7%() ()* ./0,6*0*'(8-5 #1A -*4,*.(%&*65A

#0 )8,6/(5,*2 3)%4 %4 7)*-* ()* 4%$'4 %'!B,-*. ./0* 1-/02 </- ()* -*08%':*-!B,-*. %4 ./'4(-+.(*:

4/ ()8( ()* -*4%:*'( 1-*C+*'.%*4 /1 A 8': a ?%2*2A #1 8': (1B ./0E%'* %' ()* -%$)( 08''*- 7%() ()*

1-*C+*'.%*4 /1 ()* 0+(8'( (0 8': #0 $80*(*4 (/ $*( ()* 1-*C+*'.%*4 /1 ()* ab ·AB 8': Ab ·aB

)*(*-/G5$/(*42

3)* .86.+68(%/' /1 ()* -*C+%-*: :*(*-0%'8'( %4 08:* *845 E5 ()* 18.( ()8( :*(*-0%'8'(4 8-* 6%'*8-

%' ()*%- ./6+0'42 J*'.*A ()* :*(*-0%'8'( /1 ()* 4+0/1 (7/ k × k08(-%.*4 %4 *C+86 (/ ()* 4+0/1 ()*

:*(*-0%'8'(4 /1 ()* =k 08(-%.*4 /'* $*(4 E5 .)//4%'$ 1/- *8.) ./6+0' ()* ./--*4,/':%'$ ./6+0'

/1 *%()*- /1 ()* (7/ /-%$%'86 08(-%.*42 I%'.* !B,-*. )84 -8'@ /'*A 1-/0 ()*4* =k :*(*-0%'8'(4

/'65 ()* k + ! :*(*-0%'8'(4 -*08%' ()8( ./0,-%4* *%()*- G*-/ /- /'* ./6+0' 1-/0 !B,-*.2 3)*

.86.+68(%/' %4 1+-()*- 18.%6%(8(*: E5 ()* 08'5 G*-/4 %' !B,4*6A 8': ()* 18.( ()8( ()* -*4+6( 4)/+6: E*

%'&8-%8'( +':*- ()* 478,,%'$ /1 a 8': A2 3)* -*4+6( %4

QB



c,




XaaB

XaAB

XAAB





∣∣∣∣∣∣




Xaa

XaA

XAA







 = − :*(("− !B) = −QaBQAB + c(QaBRAB + QABRaB)
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!"#$%&' "( )*"'"+*,&' -.%&/*,0 !"#

$%&'

QaB = − ()&(!− "aB), QAB = − ()&(!− "AB)

*+(

RaB = !

,
(pAfaAB + qAmaAB) + !

-
(pa − qa)(faABmaaB − faaBmaAB),

RAB = !

,
(pafaAB + qamaAB) + !

-
(pA − qA)(faABmAAB − fAABmaAB).

.') */01) )234)55%0+ %5 6%+)*4 %+ c7 8)+9) QB %5 :*2%:*6 %+ c ;04 c = < 04 c = !
,
7 .')4);04)=

%& 5>;!9)5 &0 90+5%()4 QB ;04 &'05) 1*6>)5 0; c 0+6?7 .') 9*5) c = < %5 *64)*(? 901)4)( /? &')

90+(%&%0+ &'*& +0 *6&)4+*&%1) *66)6) %5 */6) &0 %+1*()7 @0= *66 &'*& '*5 &0 /) (0+) %5 &0 9')9A $')&')4

QB %5 +)B*&%1) ;04 c = !
,
7

C1)+ &4?%+B &0 9*69>6*&) R< )236%9%&6?= $'%9' %5 3055%/6) %+ 34%+9%36) *5 306?+0:%*6 )D>*&%0+5

>3 &0 ()B4)) ;0>4 *660$ )236%9%& 506>&%0+5= %5 * &*5A ;04 :04) &'*+ * 5%+B6) '*33? $%+&)4 )1)+%+B7

E+( &') 4)5>6& $%66 /) 50 '044%/6? 90:36)2 &'*& ?0> $0>6( +)1)4 (*4) B%1) %& &0 * 5&>()+& ;04 50:)

>6&)4%04 >5)7

F& %5 *650 3055%/6) &0 ()4%1) )D>*&%0+5 &'*& '*1) &0 /) 5*&%5!)( /? *+? C@G57 80$)1)4= &')

9*69>6*&%0+5 *4) 90:36%9*&)( *+( $04A%+B &'40>B' &'): &0 B)& *& 4)5>6&5 $0>6( &*A) :04) 53*9)

&'*+ %5 $*44*+&)( /? &') 34)5)+& 90+&)2&7 .'%5 %5 )1)+ :04) 50 5%+9) H*406%)+ () I01)6 *+( &')

!45& *>&'04 *4) 34)5)+&6? $4%&%+B *+ )2&)+()( 3*3)4 0+ &'*& &03%9= &') >35'0& 0; $'%9' %5 &'*&

B)+)4%9*66? %+ &') )9060B? *+( &') ()1)603:)+&*6 5?5&): *66)6)5 *+( :0(%!)45 (%5*B4)) */0>& &')

90:/%+*&%0+5 0; &4*%& 1*6>)5 &')? $*+& &0 '*1) 34)5)+& %+ &') 303>6*&%0+7 .') )29)3&%0+*6 9*5)5

$')4) &')4) %5 *B4)):)+& 9*+ /) 96*55%!)( *+( &>4+ 0>& &0 90:34%5) 34)9%5)6? &') :*%+ 5%:36%!)(

:0()65 )+90>+&)4)( %+ &') 6%&)4*&>4)= 6%A) &') 8*4(?JK)%+/)4B 9*5) &4)*&)( %+ @)9&%0+ #= 04 &')

)106>&%0+ 0; 5)2 ()&)4:%+%+B B)+)5 04 B)+)5 &'*& *4) )234)55)( %+ 0+6? 0+) 0; &') 5)2)57

L? &') 5*:) *4B>:)+& *5 /);04) >+()4 &') %()*6M;4)) '?30&')5%5= *+? C@G5 )D>*6%N) &') *1)4*B)

6%;)&%:) 0;;534%+B +>:/)45 0; &') &'4)) 3')+0&?3)57 80$)1)4= $')+ &')4) %5 +0 340304&%0+*6%&?

/)&$))+ &') :%940M *+( :*940MB*:)&%9 90+&4%/>&%0+5= &'%5 0+6? *:0>+&5 &0

!

,
(faa + maa) = !

,
(faA + maA) = !

,
(fAA + mAA) = !,

&0B)&')4 $%&'

f (X|Xaa, XaA, XAA) + m(X|Xaa, XaA, XAA) %5 :*2%:*6 *& X = Xaa,

X = XaA, X = XAA.

O4):):/)4 &') ;04:>6* ;04 &') !&+)55 0; P)+()6%*+ (%360%(5Q 6)*1%+B 03)+ &') 03&%0+ ;04 %+&4*M

B)+0:%9 90+"%9& */0>& &') 5)2 4*&%07

.0 *44%1) *& *+ )D>*6%&? 0; &') 5)3*4*&) 90+&4%/>&%0+5= *+ )2&)+5%0+ 0; &') %()*6M;4)) *55>:3&%0+

%5 +))()(R %& 5'0>6( /) 3055%/6) &0 536%& >3 &') &4*%& 1)9&04 %+&0 &$0 90:30+)+&5=

Y =
(

Y;
Y:

)
$%&' Y; ⊂ S; *+( Y; ⊂ S; ,
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!"" !"#"!" $%&' ()* +" ,%-.(/

#$%& '&(' '&)*) )+,#' -$.%',/.# f̃ (.0 m̃ #$%& '&('

f (Y |Xaa, XaA, XAA) = f̃ (Y- |Xaa, XaA, XAA),

m(Y |Xaa, XaA, XAA) = m̃(Y- |Xaa, XaA, XAA),

(.0 -*/1 (.2 (Xaa 3 XaA3 XAA) '&) #$44/*' /- '&) 0,#'*,5$',/. /- ( 1$'(.' '*,46) (XaaB 3 XaAB 3

XAAB) #&/$60 )7$(6 (X- × X1)83 (#1(23 -/* )+(146)3 5) '&) %(#)9&). '&) #)+)# (*) #)4(*(')9,'&

'&) '9/ %/14/.).'# %/**)#4/.0,.: '/ #,1,6(* 7$(.',',)# -/* '&) '9/ #)+)#;<&). '&) #)4(*(') %/.=

'*,5$',/.# (*) (66 )7$(6,>)03 '&) 1(%*/= (.0 1,%*/=:(1)',% %/.'*,5$',/.# '/ '&) )--)%',?) )+4)%')0

6,-)',1) /--#4*,.: .$15)*# 5)%/1) 4*/4/*',/.(63 (.0 '&) >2:/')# /%%$* ,. @(*02A<),.5)*: 4*/=

4/*',/.# BCD; E&)*)-/*)3 $.0)* '&) )+').0)0 ,0)(6=-*)) (##$14',/.3 (66)6)# (.0 1/0,!)*# (:*))

(:(,. (5/$' '&) %/15,.(',/.# /- '*(,' ?(6$)# '&)2 9(.' '/ &(?) 4*)#).' ,. '&) 4/4$6(',/.;

!"# $%&'()*+&, -./0-12

E&) $#) /- Q(Y |X) := − 0)'(3− 4(Y |X)) (# 6/%(6 !'.)## 4*/+2 9(# 4,/.))*)0 52 E(26/* (.0

F$61)* BGHD (.0 I/$*')($ (.0 J)##(*0 BKD; E&) 1(,. %/.'*,5$',/. /- '&,# 4(4)* ,# '&) *)#$6' '&('

9&). '&) '*(,' #4(%) ,# %/..)%')03 '&,# 4*/+2 (66/9# %/.%6$#,/.# (5/$' :6/5(6 $.,.?(0(5,6,'2 '/

5) *)(%&)0; L)%/.0(*2 %/.'*,5$',/.# (*) 0)'(,6)0 *)%,4)# -/* 0)(6,.: 9,'& 6/.:=')*1 )?/6$',/.

,. &(46/=0,46/,0 4/4$6(',/.# (.0 /- :).)',% 0,1/*4&,#1# 5/'& 9,'& (.0 9,'&/$' '&) 5,/6/:,%(662

)+%)4',/.(6 5$' %/11/.62 1(0) (##$14',/. '&(' '&) )--)%',?) 6,-)',1) 1,%*/= (.0 1(%*/=:(1)',%

/$'4$'# (*) (' (66 ',1) 4*/4/*',/.(6; <&). '&) 4*/4/*',/.(6,'2 (##$14',/. ,# "/$')03 7$,') 9),*0

4&)./1).( *)#$6'; E&) 0)'(,6)0 (.(62#,# /- '&)#) 9,66 5) '&) #$5M)%' /- (./'&)* 4(4)* BND;

5'1&%6(.*,./.&72

<) '&(.O P*(.M/<),##,.: -/* 5*,.:,.: '&) I/$*')($AJ)##(*0 *)-)*).%) '/ /$* ('').',/. (.0 -/* &)64,.: $# /$' 9,'& Q#&)6
B!HD; R. (00,',/. @(.# S)'> '&(.O# T(%7$)# ?(. U64&). -/* ).',%,.: &,1 ,.'/ '&) 9/*60 /- &(46/=0,46/,0 /*:(.,#1# (.0
I(*/6,). 0) V/?)6 -/* ( 6/.:=*$..,.: %/66(5/*(',/. /. (0(4',?) 02.(1,%# $.0)* ./.=@(*02A<),.5)*: :).)',%#; P,.(6623
9) '&(.O ( ?)*2 '&/*/$:& (.0 O./96)0:)(56) (./.21/$# *)?,)9)* /- (. )(*6,)* ?)*#,/. /- '&) 1(.$#%*,4' -/* %/**)%',.:
( .$15)* /- )**/*# (.0 :,?,.: 0)'(,6)0 (0?,%) -/* (0(4',.: ,' -/* ( 6(*:)* ($0,).%)3 (.0 '9/ *)?,)9)*# /- '&) #/ $40(')0
?)*#,/. -/* '&),* %/.#'*$%',?) %*,',%,#1 9&,%& -$*'&)* ,14*/?)0 '&) *)(0(5,6,'2 /- '&) 4(4)*; W;J; '&(.O# '&) L9)0,#&
X)#)(*%& I/$.%,6 -/* #$44/*';

8.9.-.&'.2

B!D @; F(:&)*,=I&(,%&,(. (.0 Y;Z; <(:.)*3 01234&-2) 25 *2.-)()6% -) .%&(723-6 8(&9:(;<3 Y).)',%# !K" [\]]G^3
44; !N!8A!N8H;

B\D @; F(:&)*,=I&(,%&,(.3 T; @)*1,##/.3 T;X; _(,#.2#3 (.0 Y;Z;<(:.)*3 055%6&< 25 %8-<&(<-< 2) 89%)2&;8-6 /274<&)%<< -)
.%&(723-6 8(&9:(;<3 S('&; F,/#%,; !"G [\]]8^3 44; \NAH!;

B8D S; F$61)*3 =9%2/%&-6(3 01234&-2)(/; 06232>;3 L,.($)* U##/%,(')#3 L$.0)*6(.03 SU3 !CCG;
BGD `; I&(14(:.('3 ?2)1%/>%)6% 25 (*(8&-1% *;)(.-6< )@.2/89-6 A4.8 8/26%<<%< &2 &9% 6()2)-6(3 %B4(&-2) ()*

*%>%)%/(&% *-554<-2) (88/2C-.(&-2)3 Z*a4$56,%(',/. 0) 6bc.,?)*#,'a 0) `(.')**) [Z(*,# d^ ./; ]8/N [\]]8^;
BHD F; I&(*6)#9/*'&3 01234&-2) -) #>%@D&/46&4/%* E2843(&-2)<3 \.0 )0;3 I(15*,0:) c.,?)*#,'2 Z*)##3 I(15*,0:)3 cV3

!CCG;
BKD T; I/$*')($ (.0 L; J)##(*03 +8&-.(3 <%C /(&-2< -) <&/46&4/%* 82843(&-2)<3 T; E&)/*; F,/6; \]N [\]]]^3 44; !HCA!NH;
BND I;Y;P; e) V/?)6 (.0 T;U;T; S)'>3 =9% %1234&-2) 25 ( >%)%&-6 823;.2/89-<. :9%) .(3% ()* 5%.(3% -)&%/%<&< 62)!-6&3

,. 4*)4(*(',/.;
B"D c; e,)%O1(.. (.0 X; J(93 =9% *;)(.-6(3 &9%2/; 25 62%1234&-2)F # *%/-1(&-2) 5/2. <&269(<&-6 %6232>-6(3 8/26%<<%<3

T; S('&; F,/6; 8G [!CCK^3 44; HNCAK!\;
BCD c; e,)%O1(.. (.0 T;U;T;S)'>3 D4/8/-<-)> %1234&-2)(/; 8/%*-6&-2)< 5/2. %)9()6%* %6232>-6(3 /%(3-<.3 E&)/*; Z/4$6;

F,/6; KC [\]]K^3 44; \K8A\"!;
B!]D W; e,)O1(..3 T;U;Z; @))#')*5))O3 (.0 T;U;T; S)'>3 +) &9% *%")-&-2) ()* &9% 62.84&(&-2) 25 &9% 7(<-6 /%8/2*46&-2)

/(&-2 G] -) .2*%3< 52/ -)5%6&-24< *-<%(<%< -) 9%&%/2>%)%24< 82843(&-2)<3 !" $(&9" H-23" \" [!CC]^3 44; 8KHA8"\;
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!"#$%&' "( )*"'"+*,&' -.%&/*,0 !"#

$!!% &' ()*+,-../ 0' 1233*.4*56/ 7' 78-.6/ 0' 9)5+)3):.);/ <'='<' 0*>?/ -.@ 7'A' BC)*,*/ 1% 234 ("$/#'&2*"% &%5
&%&'.0*0 "( +4%4$&' 5424$/*%*02*, 02$#,2#$45 6"6#'&2*"% /"54'07 887 9"%'*%4&$ 234"$./ <' 0->C' D):3' EF GHII!J/
KK' !LMN!"#'

$!H% &' ()*+,-../ 0' 1233*.4*56/ -.@ <'='<' 0*>?/ :24&5. 02&24 &%&'.0*0 "( 02$#,2#$45 6"6#'&2*"% /"54'0/ BC*:5' O:K83'
D):3' PF GHIIFJ/ KK' FI#NFF"'

$!F% 0' (85).Q/ <'='<' 0*>?/ -.@ 1' 0*;?R.-/ ;5&62*<4 5.%&/*,0 ("$ 63.0*"'"+*,&''. 02$#,2#$45 /"54'0/ <' 0->C' D):3'
LP GHII"J/ KK' PMFNMEH'

$!E% S' T;C*3/ =<"'#2*"%&$. &%5 ,"%2*%#"#0 02&>*'*2./ <' BC*:5' D):3' !IF G!#"FJ/ KK' ##N!!!'
$!L% S' T;C*3/ ?&/4 234"$. &%5 6"6#'&2*"% 5.%&/*,0 *% ,"/6'4@ +4%42*,&' 0.024/0A B34 $"'4 "( 04@ *% 03"$2 24$/ &%5 *%

'"%+ 24$/ 4<"'#2*"%/ ).?&/4 =C#*'*>$*#/D"54'0 87 =<"'#2*"% &%5 ?&/4 -.%&/*,0/ A' U*3>*./ *@'/ UK5).6*5/ D*53)./
!##!/ KK' PNHP'

$!P% A' V*55)W5* -.@0' 1->>:/ E.&6#%"< 4@6"%4%20 &%5 234 /&234/&2*,0 "( *%<&0*"% *% "0,*''&2"$. "$ ,3&"2*, 6"6#'&2*"%0/
BC*:5' O:K83' D):3' E" G!##LJ/ KK' !HPN!M!'

$!M% U'='7' 1*5)>?/ X' 9);@)/ 1' 0*;?R.-/ -.@ <'='<' 0*>?/ =<"'#2*"%&$*'. 0*%+#'&$ 02$&24+*40 &%5 234 &5&62*<4 +$"F23
&%5 >$&%,3*%+ "( 234 4<"'#2*"%&$. 2$44/ TY:3' TZ:3' !H G!##"J/ KK' FLNLM'

$!"% B'V' 7-.;*. -.@ 1'O'[-6.*5/D"54'*%+ +4%42*, &$,3*24,2#$4A ; /#'2*'*%4&$ 234"$. "( +4%4 *%24$&,2*"%/ BC*:5' O:K83'
D):3' L# GHIIFJ/ KK' P!N"P'

$!#% B'V' 7-.;*./ <'0' \3Y-5*?]^-;>5:/ ='<'A' ^-5>*5/ <' 7*5,);;:./ -.@ 1'O' [-6.*5/ =<"'#2*"% "( +4%42*, &$,3*24,2#$4
#%54$ 5*$4,2*"%&' 04'4,2*"%/ TY:38>):. PI GHIIPJ/ KK' !LHFN!LFP'

$HI% <'='O' 7**;>*54**+ -.@ 0'1' A:4*5>;/ B34 2.64G$46$"5#,2*"% %#/>4$ B *% /"54'0 ("$ *%(4,2*"#0 5*04&04 ,"%2$"'/
0->C' D):;Z)' HIP GHIIMJ/ KK' FN!I'

$H!% <' 7*5,);;:./ B'V' 7-.;*./ -.@ 1'O' [-6.*5/ =6*02&0*0 *% 6"'.+4%*, 2$&*20 &%5 234 4<"'#2*"% "( +4%42*, &$,3*24,2#$4
#%54$ 02&>*'*H*%+ 04'4,2*"%/ =,' _->' !P! GHIIFJ/ KK' MI"NMFE'

$HH% <' 7:`4-8*5 -.@ 9' U)6,8.@/ =<"'#2*"%&$. ?&/40 &%5 I"6#'&2*"% -.%&/*,0/ ^-,45)@6* a.)Y*5;)>2 O5*;;/
^-,45)@6*/ a9/ !##"'

$HF% 0'(' S.>5)3)6->:5/D&234/&2*,&' 162*/*H&2*"% &%5 =,"%"/*, B34"$./ O5*.>)Z* 7-33/ T.63*b::@ ^3)``;/ _</ !#M!'
$HE% T'9);@) -.@ U'='7'1*5)>?/;5&62*<4 5.%&/*,0 *% &''4'4 06&,4A =<"'#2*"% "( +4%42*, 6"'./"$63*0/ >. 0/&'' /#2&2*"%0
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